
Realisability: from constructive proofs to program specification
Seminario Dottorandi Roma Tre

Adrien Ragot

Université Sorbonne Paris Nord (LIPN) & Università Degli Studi Roma Tre

10 april 2024, Roma, Italy



I

II

III

IV

V

VI

VII

Proof/Program Analogies

Interactive Realisability

Completeness in Realisability

Realisability for Linear Logic

Nets for MLL2VIII

An overview of Realisability

Formal Proofs

The need for Specification



I

II

III

IV

V

VI

VII

Proof/Program Analogies

Interactive Realisability

Completeness in Realisability

Realisability for Linear Logic

Nets for MLL2VIII

An overview of Realisability

Formal Proofs

The need for Specification



I

II

III

IV

V

VI

VII

Proof/Program Analogies

Interactive Realisability

Completeness in Realisability

Realisability for Linear Logic

Nets for MLL2VIII

An overview of Realisability

Formal Proofs

The need for Specification



I

II

III

IV

V

VI

VII

Proof/Program Analogies

Interactive Realisability

Completeness in Realisability

Realisability for Linear Logic

Nets for MLL2VIII

An overview of Realisability

Formal Proofs

The need for Specification



I

II

III

IV

V

VI

VII

Proof/Program Analogies

Interactive Realisability

Completeness in Realisability

Realisability for Linear Logic

Nets for MLL2VIII

An overview of Realisability

Formal Proofs

The need for Specification



I

II

III

IV

V

VI

VII

Proof/Program Analogies

Interactive Realisability

Completeness in Realisability

Realisability for Linear Logic

Nets for MLL2VIII

An overview of Realisability

Formal Proofs

The need for Specification



I

II

III

IV

V

VI

VII

Proof/Program Analogies

Interactive Realisability

Completeness in Realisability

Realisability for Linear Logic

Nets for MLL2VIII

An overview of Realisability

Formal Proofs

The need for Specification



I

II

III

IV

V

VI

VII

Proof/Program Analogies

Interactive Realisability

Completeness in Realisability

Realisability for Linear Logic

Nets for MLL2VIII

An overview of Realisability

Formal Proofs

The need for Specification



I

II

III

IV

V

VI

VII

Proof/Program Analogies

Interactive Realisability

Completeness in Realisability

Realisability for Linear Logic

Nets for MLL2VIII

An overview of Realisability

Formal Proofs

The need for Specification



I – Proofs and Programs Analogies
From Mathematics to (Theoretical) Computer Science
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Proofs and Programs Analogies
Correctness
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π : A

A1, . . . ,An ⊢ C
proof/program conclusion/type

conclusionpremisses

A1, . . . ,An ⊢ C1, . . . ,Ck
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⇕ def

A1 ∧ · · · ∧ An ⊢ C1 ∨ · · · ∨ Ck
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III – Formal Proofs



III – Formal Proofs
Hilbert Systems



Hilberts System

Proof
deduction rules

sequence of formulas
+=

A ; A ⇒ B

Deduction Rules

B

A ⇒ (B ⇒ A )

A ⇒ (B ⇒ C) (A ⇒ B)⇒ (A ⇒ C)⇒

A ⇒ B ,B ⇒ C ⊢ A ⇒ C

A ⇒ B
B ⇒ C

(B ⇒ C)⇒ (A ⇒ (B ⇒ C))
A ⇒ (B ⇒ C)
A ⇒ (B ⇒ C) (A ⇒ B)⇒ (A ⇒ C)⇒

(A ⇒ B)⇒ (A ⇒ C)
A ⇒ C

1
2
3
4
5
6
7

H1
H2

AX1(B ⇒ C ,A )
MP(2,3)

AX2(A ,B ,C)
MP(4,5)
OUTPUT

AX1(A,B)

AX2(A,B,C)



III – Formal Proofs
Gentzen Propositions: Natural Deduction



proof =
tree +

deduction rules

formula labels

+

A ∧ B

A

A ∧ B
B

A B
A ∧ B

A ∨ B
A

A ∨ B
BA ∨ B

[A ] [B]

C C

C

Elimination rules Introduction rules

[A ]

B
A → BB

A → B A

∧E1 ∧E2 ∧I

∨I1 ∨I2

→ I→ E

∨E

Natural Deduction



III – Formal Proofs
Gentzen Propositions: Sequent Calculus



proof =
tree +

deduction rules

judgment labels

+

Sequent Calculus
manipulating statements

A1, . . . ,An ⊢ B1, . . . ,Bk



IV – Anoverview of Realisability
The Brouwer–Heyting–Kolmogorov Interpretation
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IV – Anoverview of Realisability
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IV – An overview of Realisability
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Programs

A

Proofs(A )



Adequacy (3/ 4)

Formulas

Programs

Family of Maps (Φi )i∈I
defined by induction

Proofs

Induction
on Sequents

Correct
Programs

A

Proofs(A )



Adequacy (4/ 4)

Formulas

Programs

Sub–Family (Φj )j∈J
defined by induction

Proofs

Induction
on Sequents

Correct
Programs

A

Proofs(A )

Restrictions



V – Interactive Realisability
The Limits to Consistency



Consistency (1/ 6)

Consistency



Consistency (2/ 6)

Consistency

False ⊥ cannot be proved!



Consistency (3/ 6)

Consistency

False ⊥ cannot be proved! Contradiction must be avoided!
No proof of A ∧ ¬A !⇒



Consistency (4/ 6)

Consistency

Proof(A ) , ∅ Proof(¬A ) = ∅⇒

False ⊥ cannot be proved! Contradiction must be avoided!
No proof of A ∧ ¬A !⇒



Consistency (5/ 6)

Consistency

Proof(A ) , ∅ Proof(¬A ) = ∅⇒

False ⊥ cannot be proved! Contradiction must be avoided!
No proof of A ∧ ¬A !⇒

Consistency
inihibits

interaction



Consistency (6/ 6)

Consistency

Proof(A ) , ∅ Proof(¬A ) = ∅⇒

A ⇒ ⊥ A
⊥

cut

π ρ

Cannot exists!

False ⊥ cannot be proved! Contradiction must be avoided!
No proof of A ∧ ¬A !⇒

Consistency
inihibits

interaction



V – Interactive Realisability
Consistency in the BHK interpretation



Consistency in BHK (1/4)

π : A → B for any ρ : A (π)ρ : B

π : A ∧ B π = ⟨π1, π2⟩⇔

π1 : A
π2 : B

π : A ∨ B ⇔

π = ⟨0, ρ⟩

π = ⟨1, ρ⟩

ρ : A

ρ : BOR

⇔

A notion of InteractionA notion of product

π : ∃x ∈ X Px

π : ∀x ∈ X Px

π : ⊥

⇔

⇔

⇔ None

π : ¬A ⇔ π : A → ⊥

π = ⟨x, ρ⟩
ρ : Px

(π)x : Pxfor any x ∈ X



Consistency in BHK (2/ 4)

π : A → B for any ρ : A (π)ρ : B

π : A ∧ B π = ⟨π1, π2⟩⇔

π1 : A
π2 : B

π : A ∨ B ⇔

π = ⟨0, ρ⟩

π = ⟨1, ρ⟩

ρ : A

ρ : BOR

⇔

π : ∃x ∈ X Px

π : ∀x ∈ X Px

π : ⊥

⇔

⇔

⇔ None

π : ¬A ⇔ π : A → ⊥

π = ⟨x, ρ⟩
ρ : Px

(π)x : Pxfor any x ∈ X



Consistency in BHK (3/ 4)

π : A → B for any ρ : A (π)ρ : B

π : A ∧ B π = ⟨π1, π2⟩⇔

π1 : A
π2 : B

π : A ∨ B ⇔

π = ⟨0, ρ⟩

π = ⟨1, ρ⟩

ρ : A

ρ : BOR

⇔

π : ∃x ∈ X Px

π : ∀x ∈ X Px

π : ⊥

⇔

⇔

⇔ None

π : ¬A ⇔ π : A → ⊥

π = ⟨x, ρ⟩
ρ : Px

(π)x : Pxfor any x ∈ X

Interaction



Consistency in BHK (4/ 4)

π : A → B for any ρ : A (π)ρ : B

π : A ∧ B π = ⟨π1, π2⟩⇔

π1 : A
π2 : B

π : A ∨ B ⇔

π = ⟨0, ρ⟩

π = ⟨1, ρ⟩

ρ : A

ρ : BOR

⇔

π : ∃x ∈ X Px

π : ∀x ∈ X Px

π : ⊥

⇔

⇔

⇔ None

π : ¬A ⇔ π : A → ⊥

π = ⟨x, ρ⟩
ρ : Px

(π)x : Pxfor any x ∈ X

Interaction

Cut Rule
A ⇒ B A

B
cut

π ρ



A limit to interaction (1/ 7)

π : A → B for any ρ : A (π)ρ : B

π : A ∧ B π = ⟨π1, π2⟩⇔

π1 : A
π2 : B

π : A ∨ B ⇔

π = ⟨0, ρ⟩

π = ⟨1, ρ⟩

ρ : A

ρ : BOR

⇔

π : ∃x ∈ X Px

π : ∀x ∈ X Px

π : ⊥

⇔

⇔

⇔ None

π : ¬A ⇔ π : A → ⊥

π = ⟨x, ρ⟩
ρ : Px

(π)x : Pxfor any x ∈ X

Interaction

Cut Rule
A → ⊥ A

⊥
cut

π ρ



A limit to interaction (2/ 7)

π : A → B for any ρ : A (π)ρ : B

π : A ∧ B π = ⟨π1, π2⟩⇔

π1 : A
π2 : B

π : A ∨ B ⇔

π = ⟨0, ρ⟩

π = ⟨1, ρ⟩

ρ : A

ρ : BOR

⇔

π : ∃x ∈ X Px

π : ∀x ∈ X Px

π : ⊥

⇔

⇔

⇔ None

π : ¬A ⇔ π : A → ⊥

π = ⟨x, ρ⟩
ρ : Px

(π)x : Pxfor any x ∈ X

Interaction

Cut Rule
A → ⊥ A

⊥
cut

π ρ



A limit to interaction (3/ 7)

π : A → B for any ρ : A (π)ρ : B

π : A ∧ B π = ⟨π1, π2⟩⇔

π1 : A
π2 : B

π : A ∨ B ⇔

π = ⟨0, ρ⟩

π = ⟨1, ρ⟩

ρ : A

ρ : BOR

⇔

π : ∃x ∈ X Px

π : ∀x ∈ X Px

π : ⊥

⇔

⇔

⇔ None

π : ¬A ⇔ π : A → ⊥

π = ⟨x, ρ⟩
ρ : Px

(π)x : Pxfor any x ∈ X

Interaction

Cut Rule
A → ⊥ A

⊥
cut

π ρ
No such can existsproof



A limit to interaction (4/ 7)

π : A → B for any ρ : A (π)ρ : B

π : A ∧ B π = ⟨π1, π2⟩⇔

π1 : A
π2 : B

π : A ∨ B ⇔

π = ⟨0, ρ⟩

π = ⟨1, ρ⟩

ρ : A

ρ : BOR

⇔

π : ∃x ∈ X Px

π : ∀x ∈ X Px

π : ⊥

⇔

⇔

⇔ None

π : ¬A ⇔ π : A → ⊥

π = ⟨x, ρ⟩
ρ : Px

(π)x : Pxfor any x ∈ X

Interaction

Cut Rule
A → ⊥ A

⊥
cut

π ρ
No such can existsproof

realizer



A limit to interaction (5/ 7)

π : A → B for any ρ : A (π)ρ : B

π : A ∧ B π = ⟨π1, π2⟩⇔

π1 : A
π2 : B

π : A ∨ B ⇔

π = ⟨0, ρ⟩

π = ⟨1, ρ⟩

ρ : A

ρ : BOR

⇔

π : ∃x ∈ X Px

π : ∀x ∈ X Px

π : ⊥

⇔

⇔

⇔ None

π : ¬A ⇔ π : A → ⊥

π = ⟨x, ρ⟩
ρ : Px

(π)x : Pxfor any x ∈ X

Interaction

Cut Rule
A → ⊥ A

⊥
cut

π ρ
⟦A⟧ , ∅ ⟦A → ⊥⟧ = ∅⇒

No such can existsproof
realizer



A limit to interaction (6/ 7)

π : A → B for any ρ : A (π)ρ : B

π : A ∧ B π = ⟨π1, π2⟩⇔

π1 : A
π2 : B

π : A ∨ B ⇔

π = ⟨0, ρ⟩

π = ⟨1, ρ⟩

ρ : A

ρ : BOR

⇔

π : ∃x ∈ X Px

π : ∀x ∈ X Px

π : ⊥

⇔

⇔

⇔ None

π : ¬A ⇔ π : A → ⊥

π = ⟨x, ρ⟩
ρ : Px

(π)x : Pxfor any x ∈ X

Interaction

Cut Rule
A → ⊥ A

⊥
cut

π ρ
⟦A⟧ , ∅ ⟦A → ⊥⟧ = ∅⇒

Empty!

No such can existsproof
realizer



A limit to interaction (7/ 7)

π : A → B for any ρ : A (π)ρ : B

π : A ∧ B π = ⟨π1, π2⟩⇔

π1 : A
π2 : B

π : A ∨ B ⇔

π = ⟨0, ρ⟩

π = ⟨1, ρ⟩

ρ : A

ρ : BOR

⇔

π : ∃x ∈ X Px

π : ∀x ∈ X Px

π : ⊥

⇔

⇔

⇔ None

π : ¬A ⇔ π : A → ⊥

π = ⟨x, ρ⟩
ρ : Px

(π)x : Pxfor any x ∈ X

Interaction

Cut Rule
A → ⊥ A

⊥
cut

π ρ
⟦A⟧ , ∅ ⟦A → ⊥⟧ = ∅⇒

⟦A⟧ = ∅ ⟦A → ⊥⟧ = ALL⇒

Empty!

No such can existsproof
realizer



V – Interactive Realisability
Proofs and Counter Proofs : Breaking Consistency



Proofs and Models (1/ 5)

Formulas



Proofs and Models (2/ 5)

Proofs

Formulas



Proofs and Models (3/ 5)

Proofs

Formulas

Proves
Establish Tautology



Proofs and Models (4/ 5)

Proofs

Formulas

Proves

Models

Establish Tautology



Proofs and Models (5/ 5)

Proofs

Formulas

Proves

Models

Models
Establish Refutability

Establish Tautology



Proofs

Formulas

Proves

Models

Models
Establish Refutability

Establish Tautology

Can Proofs and Models be at the same level ?



Counter proofs (1/ 3)

Proofs

Formulas

Proves

Models

Models
Establish Refutability

Establish Tautology

Counter Proofs
Proofs with daimon rule



Counter proofs (2/ 3)

Proofs

Formulas

Proves

Models

Models
Establish Refutability

Establish Tautology

Counter Proofs
Proofs with daimon rule



Counter proofs (3/ 3)

Proofs

Equipped with a notion of interaction
cut–elimination

Formulas

Proves

Models

Models
Establish Refutability

Establish Tautology

Counter Proofs
Proofs with daimon rule



V – Interactive Realisability
Proofs and Counter Proofs : Breaking Consistency



Towards an interactive framework (1/ 10)

π : A → B for any ρ : A (π)ρ : B⇔

π : ⊥ ⇔ None

π : ¬A ⇔ π : A → ⊥

A ⇒ ⊥ A
⊥

cut

π ρ

cannot exists



Towards an interactive framework (2/ 10)

π : A → B for any ρ : A (π)ρ : B⇔

π : ⊥ ⇔ None

π : ¬A ⇔ π : A → ⊥

A ⇒ ⊥ A
⊥

cut

π ρ



Towards an interactive framework (3/ 10)

π : A → B for any ρ : A (π)ρ : B⇔

π : ⊥ ⇔ None

π : ¬A ⇔ π : A → ⊥

A ⇒ ⊥ A
⊥

cut

π ρ

The pole ⟦⊥⟧ , ∅



Towards an interactive framework (4/ 10)

π : A → B for any ρ : A (π)ρ : B⇔

π : ⊥ ⇔ None

π : ¬A ⇔ π : A → ⊥

A ⇒ ⊥ A
⊥

cut

π ρ

A ⇒ ⊥ A

π ρ( ) ∈ ⟦⊥⟧
becomes

The pole ⟦⊥⟧ , ∅



Towards an interactive framework (5/ 10)

π : A → B for any ρ : A (π)ρ : B⇔

π : ⊥ ⇔ None

π : ¬A ⇔ π : A → ⊥

A ⇒ ⊥ ??
⊥

cut

π ρ

A ⇒ ⊥ ??

π ρ( ) ∈ ⟦⊥⟧
becomes

The pole ⟦⊥⟧ , ∅



Towards an interactive framework (6/ 10)

π : A → B for any ρ : A (π)ρ : B⇔

π : ⊥ ⇔ None

π : ¬A ⇔ π : A → ⊥

A ⇒ ⊥ ??
⊥

cut

π ρ

⇒ ρ : A
A ⇒ ⊥ ??

π ρ( ) ∈ ⟦⊥⟧
becomes

The pole ⟦⊥⟧ , ∅



Towards an interactive framework (7/ 10)

π : A → B for any ρ : A (π)ρ : B⇔

π : ⊥ ⇔ None

π : ¬A ⇔ π : A → ⊥

A ⇒ ⊥ ??
⊥

cut

π ρ

⇒ ρ : A
A ⇒ ⊥ ??

π ρ( ) ∈ ⟦⊥⟧
becomes

The pole ⟦⊥⟧ , ∅



Towards an interactive framework (8/ 10)

π : A → B for any ρ : A (π)ρ : B⇔

π : ⊥ ⇔ None

π : ¬A ⇔ π : A → ⊥

A ⇒ ⊥ ??
⊥

cut

π ρ

⇒ ρ : A
A ⇒ ⊥ ??

π ρ( ) ∈ ⟦⊥⟧
becomes

The pole ⟦⊥⟧ , ∅

(t)u ∈ ⟦⊥⟧



Towards an interactive framework (9/ 10)

π : A → B for any ρ : A (π)ρ : B⇔

π : ⊥ ⇔ None

π : ¬A ⇔ π : A → ⊥

A ⇒ ⊥ ??
⊥

cut

π ρ

⇒ ρ : A
A ⇒ ⊥ ??

π ρ( ) ∈ ⟦⊥⟧
becomes

The pole ⟦⊥⟧ , ∅

(t)u ∈ ⟦⊥⟧ ⇔def t⊥u



Towards an interactive framework (10/ 10)

π : A → B for any ρ : A (π)ρ : B⇔

π : ⊥ ⇔ None

π : ¬A ⇔ π : A → ⊥

A ⇒ ⊥ ??
⊥

cut

π ρ

⇒ ρ : A
A ⇒ ⊥ ??

π ρ( ) ∈ ⟦⊥⟧
becomes

The pole ⟦⊥⟧ , ∅

Orthogonality

(t)u ∈ ⟦⊥⟧ ⇔def t⊥u



V – Interactive Realisability
Orthogonality in realisability models



Types in Orthogonality models (1/4)

Realise A = Orthogonal to ⟦A⟧⊥

(⟦A⟧ = ⟦A⟧
⊥⊥

)

P ∈ ⟦A⟧⊥

?

Q

Does Q belong to ⟦A⟧?



Types in Orthogonality models (2/4)

Realise A = Orthogonal to ⟦A⟧⊥

(⟦A⟧ = ⟦A⟧
⊥⊥

)

P ∈ ⟦A⟧⊥

×

Q

Q fails interaction⇒ Q < ⟦A⟧



Types in Orthogonality models (3/4)

Realise A = Orthogonal to ⟦A⟧⊥

(⟦A⟧ = ⟦A⟧
⊥⊥

)

P ∈ ⟦A⟧⊥

?

Q

Does Q belong to ⟦A⟧?



Types in Orthogonality models (4/4)

Realise A = Orthogonal to ⟦A⟧⊥

(⟦A⟧ = ⟦A⟧
⊥⊥

)

P ∈ ⟦A⟧⊥ Q

✓

Infer Q ∈ ⟦A⟧.



VI – Completeness in Realizability



Completeness (1/ 4)

Formulas

Programs

Sub–Family (Φj )j∈J
defined by induction

Proofs

Induction
on Sequents

Correct
Programs

A

Proofs(A )

Restrictions



Completeness (2/ 4)

Formulas

Programs

Sub–Family (Φj )j∈J
defined by induction

Proofs

Induction
on Sequents

Correct
Programs

A

Proofs(A )

Restrictions

Composition of



Completeness (3/ 4)

Formulas

Programs

Sub–Family (Φj )j∈J
defined by induction

Proofs

Induction
on Sequents

Correct
Programs

A

Proofs(A )

Restrictions

Composition of

Usually Intersection



Completeness (4/ 4)

Formulas

Programs

Sub–Family (Φj )j∈J
defined by induction

Proofs

Induction
on Sequents

Correct
Programs

A

Proofs(A )

Restrictions

Composition of

Usually Intersection

Invert this map



VII – Realisability for Linear Logic
The Proof System



Second Order Multiplicative Linear Logic

ax
A ,A⊥

✠
Γ

Γ,A ∆,A⊥
cut

Γ,∆

Γ,A ,B ,∆
ex

Γ,B ,A ,∆

Γ,A ∆,B
⊗

Γ,∆,A ⊗ B

Γ,A ,B
`

Γ,A ` B

Γ,A [X ← B]
∃

Γ,∃XA

Γ,A
∀

Γ,∀XA



VII – Realisability for Linear Logic
An algebraic structure



Linear Realisability in self–operand (0/ 3)

(M, •,⊥)
A set

a map M2 → M

a subset ⊥ ⊆ M

a⊥b ⇔ a • b ∈ ⊥



Linear Realisability in self–operand (1/ 3)

(M, •,⊥)
A set

a map M2 → M

a subset ⊥ ⊆ M

a⊥b ⇔ a • b ∈ ⊥



Linear Realisability in self–operand (2/ 3)

(M, •,⊥)
A set

A map M2 → M

a subset ⊥ ⊆ M

a⊥b ⇔ a • b ∈ ⊥



Linear Realisability in self–operand (3/ 3)

(M, •,⊥)
A set

A map M2 → M

a subset ⊥ ⊆ M

a⊥b ⇔ a • b ∈ ⊥



Realisability in self operand (1/3)

Formulas

Programs

Family of Maps (Φi )i∈I
defined by induction

Proofs

Induction
on Sequents

Correct
Programs



Realisability in self operand (2/3)

Formulas

A monoid (M, ∥) with a self act ::

Family of Maps (Φi )i∈I
defined by induction

Proofs

Induction
on Sequents

Correct
Programs

(M, ∥) acts on the right on M.
∀a, b , c ∈ M a :: (b ∥ c) = (a :: b) :: c.



Realisability in self operand (3/3)

Formulas

A monoid (M, ∥) with a self act ::

Family of Maps (Φi )i∈I
defined by induction

Proofs

Induction
on Sequents

Correct
Programs

(M, ∥) acts on the right on M.
∀a, b , c ∈ M a :: (b ∥ c) = (a :: b) :: c.



VII – Realisability for Linear Logic
Interpreting Formulas



Realisability for MLL (1/4)

(Formula) A ,B ≜ X ,X⊥ | A ⊗ B | A ` B
(Hypersequent) H1,H2 ≜ A | H1,H2 | H1 ∥ H2

Formula

Programs

Proofs

Induction
on Sequents

Correct Programs
⊗ `Connectives



Realisability for MLL (2/4)

(Formula) A ,B ≜ X ,X⊥ | A ⊗ B | A ` B
(Hypersequent) H1,H2 ≜ A | H1,H2 | H1 ∥ H2

Formula

Programs

Proofs

Induction
on Sequents

Correct Programs
⊗ `Connectives

?



Realisability for MLL (3/4)

(Formula) A ,B ≜ X ,X⊥ | A ⊗ B | A ` B
(Hypersequent) H1,H2 ≜ A | H1,H2 | H1 ∥ H2

Hypersequent

Programs

Proofs

Induction
on Sequents

Correct Programs
⊗

,

`
∥

Pre–connectives

Connectives

?



Realisability for MLL (4/4)

(Formula) A ,B ≜ X ,X⊥ | A ⊗ B | A ` B
(Hypersequent) H1,H2 ≜ A | H1,H2 | H1 ∥ H2

Hypersequent

Programs

Proofs

Induction
on Sequents

Correct Programs
⊗

,

`
∥

Pre–connectives

Connectives

⊗

,

`
∥

Construction
on Types



VII – Realisability for Linear Logic
Construction on types in Polarized Self Operand



Construction on Types (1/2)

A ∥ B = {a ∥ b | a ∈ A, b ∈ B}
⊥⊥

A � B = {x | ∀a ∈ A, x :: a ∈ B}
⊥⊥

Proposition. A � B = A⊥ ∥ B⊥.

Proof Sketch. x ∈ A � B ⇔ ∀a ∈ A⊥, x :: a ∈ B
⇔ ∀a ∈ A⊥, x :: a ∈ B

⊥⊥

⇔ ∀a ∈ A⊥,∀b ∈ B⊥, (x :: a) :: b ∈ ⊥
⇔ ∀a ∈ A⊥,∀b ∈ B⊥, (x :: a) :: b ∈ ⊥
⇔ ∀a ∈ A⊥,∀b ∈ B⊥, x :: (a ∥ b) ∈ ⊥
⇔ x⊥A⊥ ∥ B⊥



Construction on Types (2/2)

A ∥ B = {a ∥ b | a ∈ A, b ∈ B}
⊥⊥

A � B = {x | ∀a ∈ A, x :: a ∈ B}
⊥⊥

Proposition. A � B = A⊥ ∥ B⊥.

Proof Sketch. x ∈ A � B ⇔ ∀a ∈ A⊥, x :: a ∈ B
⇔ ∀a ∈ A⊥, x :: a ∈ B

⊥⊥

⇔ ∀a ∈ A⊥,∀b ∈ B⊥, (x :: a) :: b ∈ ⊥
⇔ ∀a ∈ A⊥,∀b ∈ B⊥, (x :: a) :: b ∈ ⊥
⇔ ∀a ∈ A⊥,∀b ∈ B⊥, x :: (a ∥ b) ∈ ⊥
⇔ x⊥A⊥ ∥ B⊥



Duality (1/7)

A ∥ B = {a ∥ b | a ∈ A, b ∈ B}
⊥⊥

A � B = {x | ∀a ∈ A, x :: a ∈ B}
⊥⊥

Proposition. A � B = A⊥ ∥ B⊥.

Proof Sketch. x ∈ A � B ⇔ ∀a ∈ A⊥, x :: a ∈ B
⇔ ∀a ∈ A⊥, x :: a ∈ B

⊥⊥

⇔ ∀a ∈ A⊥,∀b ∈ B⊥, (x :: a) :: b ∈ ⊥
⇔ ∀a ∈ A⊥,∀b ∈ B⊥, (x :: a) :: b ∈ ⊥
⇔ ∀a ∈ A⊥,∀b ∈ B⊥, x :: (a ∥ b) ∈ ⊥
⇔ x⊥A⊥ ∥ B⊥



Duality (2/7)

A ∥ B = {a ∥ b | a ∈ A, b ∈ B}
⊥⊥

A � B = {x | ∀a ∈ A, x :: a ∈ B}
⊥⊥

Proposition. A � B = A⊥ ∥ B⊥.

Proof Sketch. x ∈ A � B ⇔ ∀a ∈ A⊥, x :: a ∈ B
⇔ ∀a ∈ A⊥, x :: a ∈ B

⊥⊥

⇔ ∀a ∈ A⊥,∀b ∈ B⊥, (x :: a) :: b ∈ ⊥
⇔ ∀a ∈ A⊥,∀b ∈ B⊥, (x :: a) :: b ∈ ⊥
⇔ ∀a ∈ A⊥,∀b ∈ B⊥, x :: (a ∥ b) ∈ ⊥
⇔ x⊥A⊥ ∥ B⊥



Duality (3/7)

A ∥ B = {a ∥ b | a ∈ A, b ∈ B}
⊥⊥

A � B = {x | ∀a ∈ A, x :: a ∈ B}
⊥⊥

Proposition. A � B = A⊥ ∥ B⊥.

Proof Sketch. x ∈ A � B ⇔ ∀a ∈ A⊥, x :: a ∈ B
⇔ ∀a ∈ A⊥, x :: a ∈ B

⊥⊥

⇔ ∀a ∈ A⊥,∀b ∈ B⊥, (x :: a) :: b ∈ ⊥
⇔ ∀a ∈ A⊥,∀b ∈ B⊥, (x :: a) :: b ∈ ⊥
⇔ ∀a ∈ A⊥,∀b ∈ B⊥, x :: (a ∥ b) ∈ ⊥
⇔ x⊥A⊥ ∥ B⊥



Duality (4/7)

A ∥ B = {a ∥ b | a ∈ A, b ∈ B}
⊥⊥

A � B = {x | ∀a ∈ A, x :: a ∈ B}
⊥⊥

Proposition. A � B = A⊥ ∥ B⊥.

Proof Sketch. x ∈ A � B ⇔ ∀a ∈ A⊥, x :: a ∈ B
⇔ ∀a ∈ A⊥, x :: a ∈ B

⊥⊥

⇔ ∀a ∈ A⊥, x :: a ⊥ B⊥

⇔ ∀a ∈ A⊥,∀b ∈ B⊥, (x :: a) :: b ∈ ⊥
⇔ ∀a ∈ A⊥,∀b ∈ B⊥, x :: (a ∥ b) ∈ ⊥
⇔ x⊥A⊥ ∥ B⊥



Duality (5/7)

A ∥ B = {a ∥ b | a ∈ A, b ∈ B}
⊥⊥

A � B = {x | ∀a ∈ A, x :: a ∈ B}
⊥⊥

Proposition. A � B = A⊥ ∥ B⊥.

Proof Sketch. x ∈ A � B ⇔ ∀a ∈ A⊥, x :: a ∈ B
⇔ ∀a ∈ A⊥, x :: a ∈ B

⊥⊥

⇔ ∀a ∈ A⊥, x :: a ⊥ B⊥

⇔ ∀a ∈ A⊥,∀b ∈ B⊥, (x :: a) :: b ∈ ⊥
⇔ ∀a ∈ A⊥,∀b ∈ B⊥, x :: (a ∥ b) ∈ ⊥
⇔ x⊥A⊥ ∥ B⊥



Duality (6/7)

A ∥ B = {a ∥ b | a ∈ A, b ∈ B}
⊥⊥

A � B = {x | ∀a ∈ A, x :: a ∈ B}
⊥⊥

Proposition. A � B = A⊥ ∥ B⊥.

Proof Sketch. x ∈ A � B ⇔ ∀a ∈ A⊥, x :: a ∈ B
⇔ ∀a ∈ A⊥, x :: a ∈ B

⊥⊥

⇔ ∀a ∈ A⊥, x :: a ⊥ B⊥

⇔ ∀a ∈ A⊥,∀b ∈ B⊥, (x :: a) :: b ∈ ⊥
⇔ ∀a ∈ A⊥,∀b ∈ B⊥, x :: (a ∥ b) ∈ ⊥
⇔ x⊥A⊥ ∥ B⊥



Duality (7/7)

A ∥ B = {a ∥ b | a ∈ A, b ∈ B}
⊥⊥

A � B = {x | ∀a ∈ A, x :: a ∈ B}
⊥⊥

Proposition. A � B = A⊥ ∥ B⊥.

Proof Sketch. x ∈ A � B ⇔ ∀a ∈ A⊥, x :: a ∈ B
⇔ ∀a ∈ A⊥, x :: a ∈ B

⊥⊥

⇔ ∀a ∈ A⊥, x :: a ⊥ B⊥

⇔ ∀a ∈ A⊥,∀b ∈ B⊥, (x :: a) :: b ∈ ⊥
⇔ ∀a ∈ A⊥,∀b ∈ B⊥, x :: (a ∥ b) ∈ ⊥
⇔ x⊥A⊥ ∥ B⊥



VIII – Nets for MLL2
Directed Hypergraphs



(V ,E, src, tgt, ℓ)

Set of Vertices

Set of Edges

A target map tgt : E → P≤fin(V )

A source map src : E → P≤fin(V )

A labelling map ℓ : E → L

associates to each edge its sequence of targets

associates to each edge its sequence of sources



(V1,E1, src1, tgt1, ℓ1) + (V2,E2, src2, tgt2, ℓ2)

≜

(V1 ∪ V2,E1 ⊎ E2, src1 ⊎ src2, tgt1 ⊎ tgt2, ℓ1 ⊎ ℓ2)

Vertices may overlap!

Rename if necessary



Hyperedge/Link notation (1/ 6)

⟨a1, . . . , an ▷c b1, . . . , bk ⟩



Hyperedge/Link notation (2/ 6)

⟨a1, . . . , an ▷c b1, . . . , bk ⟩ ≜ ({a1, . . . , an, b1, . . . , bn}, {e}, src, tgt, ℓ)



Hyperedge/Link notation (3/ 6)

⟨a1, . . . , an ▷c b1, . . . , bk ⟩ ≜ ({a1, . . . , an, b1, . . . , bn}, {e}, src, tgt, ℓ)

src(e)



Hyperedge/Link notation (4/ 6)

⟨a1, . . . , an ▷c b1, . . . , bk ⟩ ≜ ({a1, . . . , an, b1, . . . , bn}, {e}, src, tgt, ℓ)

tgt(e)src(e)



Hyperedge/Link notation (5/ 6)

⟨a1, . . . , an ▷c b1, . . . , bk ⟩ ≜ ({a1, . . . , an, b1, . . . , bn}, {e}, src, tgt, ℓ)

tgt(e)src(e)
ℓ(e)



Hyperedge/Link notation (6/ 6)

⟨a1, . . . , an ▷c b1, . . . , bk ⟩ ≜ ({a1, . . . , an, b1, . . . , bn}, {e}, src, tgt, ℓ)

tgt(e)src(e)
ℓ(e)

c

a1 an. . .

b1 bk. . .

Represented as



Describing hypergraphs (1/ 4)

α

a b

c d

⟨a, b ▷α c, d⟩



Describing hypergraphs (2/ 4)

α

a b

c d
β

⟨a, b ▷α c, d⟩

e

+
⟨d ▷β b , e⟩



Describing hypergraphs (3/ 4)

α

a b

c d
β

γ

⟨a, b ▷α c, d⟩

e

+

+
⟨a, c ▷γ ⟩

⟨d ▷β b , e⟩



Describing hypergraphs (4/ 4)

α

a b

c d
β

γ

⟨a, b ▷α c, d⟩

e

+

+
⟨a, c ▷γ ⟩

⟨d ▷β b , e⟩

δ

⟨ ▷δ b⟩
+



Properties of hypergraphs

Given H = (V ,E, src, tgt, ℓ)

tgt(H)
⋃

e∈E tgt(e)≜

tgt(H)
⋃

e∈E tgt(e)≜

source–disjoint

target–disjoint

src(e) ∩ src(e′) = ∅

tgt(e) ∩ tgt(e′) = ∅

for any e , e′ ∈ E

for any e , e′ ∈ E

target–surjective V = tgt(H)

Properties

H modular ≜ H source–disjoint, target–disjoint, target–surjective

Labelset = {✠, cut,⊗,`,∀,∃}



Modular hypergraph (1/ 8)

α

a b

c d
β

γ

⟨a, b ▷α c, d⟩

e

+

+
⟨a, c ▷γ ⟩

⟨d ▷β b , e⟩

δ

⟨ ▷δ b⟩
+



Modular hypergraph (2/ 8)

α

a b

c d
β

γ

⟨a, b ▷α c, d⟩

e

+

+
⟨a, c ▷γ ⟩

⟨d ▷β b , e⟩

δ

⟨ ▷δ b⟩
+

not source disjoint



Modular hypergraph (3/ 8)

α

a b

c d
β

γ

⟨a, b ▷α c, d⟩

e

+

+
⟨a∗, c ▷γ ⟩

⟨d ▷β b , e⟩

δ

⟨ ▷δ b⟩
+

a∗



Modular hypergraph (4/ 8)

α

a b

c d
β

γ

⟨a, b ▷α c, d⟩

e

+

+
⟨a∗, c ▷γ ⟩

⟨d ▷β b , e⟩

δ

⟨ ▷δ b⟩
+

a∗

not target disjoint



Modular hypergraph (5/ 8)

α

a b

c d
β

γ

⟨a, b ▷α c, d⟩

e

+

+
⟨a∗, c ▷γ ⟩

⟨d ▷β b∗, e⟩

δ

⟨ ▷δ b⟩
+

a∗ b∗



Modular hypergraph (6/ 8)

α

a b

c d
β

γ

⟨a, b ▷α c, d⟩

e

+

+
⟨a∗, c ▷γ ⟩

⟨d ▷β b∗, e⟩

δ

⟨ ▷δ b⟩
+

a∗ b∗

not target–surjective



Modular hypergraph (7/ 8)

α

a b

c d
β

γ

⟨a, b ▷α c, d⟩

e

+

+
⟨a∗, c ▷γ ⟩

⟨d ▷β b∗, e⟩

δ

⟨ ▷δ b⟩
+

a∗ b∗
α

⟨ ▷δ a, a∗⟩
+



Modular hypergraph (8/ 8)

α

a b

c d

βγ

⟨a, b ▷α c, d⟩

e

+

+
⟨a∗, c ▷γ ⟩

⟨d ▷β b∗, e⟩

δ

⟨ ▷δ b⟩
+

a∗

b∗

α

⟨ ▷δ a, a∗⟩
+



VIII – Nets for MLL2
Generating the set of nets



⊗ ` ∀ ∃

cut

✠

a1 a2

a

a1 a2

a

a

b

a

b

a1 a2
a1 an. . .

⟨a1, a2 ▷⊗ a⟩

⟨a1, . . . , an▷✠⟩

⟨a1, a2 ▷` a⟩ ⟨a ▷∀ b⟩ ⟨a ▷∃ b⟩

⟨a1, a2▷cut⟩

H module ≜ modular and sum of the links below
H net ≜ module + target–surjective



⊗ ` ∀ ∃

cut

✠

a1 a2

a

a1 a2

a

a

b

a

b

a1 a2
a1 an. . .

⟨a1, a2 ▷⊗ a⟩

⟨a1, . . . , an▷✠⟩

⟨a1, a2 ▷` a⟩ ⟨a ▷∀ b⟩ ⟨a ▷∃ b⟩

⟨a1, a2▷cut⟩

H module ≜ modular and sum of the links below
H net ≜ module + target–surjective

In an Untyped Setting this is not satisfying



VIII – Nets for MLL2
Proof nets: translating proofs to untyped nets



Translation (1/ 3)

✠

p1 pn
. . .A1, . . . ,An

✠

7−→
⟦·⟧

⟦π2⟧

qk p1

cut

pn. . .

⟦π1⟧

q1 . . .Γ,∆

Γ,A
cut

π1

7−→
⟦·⟧A⊥,∆

π2



Translation (2/ 3)

⟦π0⟧

p1

`
p

pn. . .p2A ` B , Γ
A ,B , Γ `

π0

7−→
⟦·⟧

⟦π2⟧

qk p1

⊗

p

pn. . .

⟦π1⟧

q1 . . .
Γ,A ⊗ B ,∆
Γ,A

⊗

π1

7−→
⟦·⟧B ,∆

π2



Translation (3/ 3)

⟦π0⟧

p1

∃

p

pn. . .∃XA , Γ
A [X ← B], Γ

∃

π0

7−→
⟦·⟧

⟦π0⟧

p1

∀

p

pn. . .∀XA , Γ
A [X ← Z ], Γ

∀

π0

7−→
⟦·⟧



V – Nets for MLL2
Cut elimination



Untyped Cut Elimination (1/3)

` ⊗

cut

p q

p1 p2 q1 q2 p1 p2 q1 q2

cut cut→

p0 q0

cut

✠✠

pnp1 q1 qk. . . . . .

✠

q1p1 . . . . . . qkpn→



Untyped Cut Elimination (2/3)

p q

cut

✠

pnp1 . . .

q1 q2

⊗

p1

cut

✠

pnp1 . . . q1 q2

cut

p2→

a q

cut

✠

pnp1 . . .

a1 a2

`
a1

cut

✠

pA
nApA

1
. . . q1 q2

cut

a2

✠

pB
nBpB

1
. . .→

A B⊎



Untyped Cut Elimination (3/3)
p0

p q

q0

cut

∃∀
p0 q0

cut→

p q

cut

✠

pnp1 . . .

p0

∀

p q0

cut

✠

pnp1 . . .→

p q

cut

✠

pnp1 . . .

p0

∃

p q0

cut

✠

pnp1 . . .→

No distinction ∀/∃



VIII – Nets for MLL2
Limits to the naive untyped approach



Naive untyping (1/ 10)

✠

X X⊥

✠

X Y

∀∀

∀XX ∀XX



Naive untyping (2/ 10)

✠

X X⊥

✠

X Y

∀∀

∀XX ∀XX
∀XX ,X⊥

∀ =X ,X⊥
✠

⟧⟦



Naive untyping (3/ 10)

✠

X X⊥

✠

X Y

∀∀

∀XX ∀XX
∀XX ,X⊥

∀ =X ,X⊥
✠

∀XX ,Y
∀= X ,Y
✠

⟧⟦ ⟧⟦



Naive untyping (4/ 10)

✠

X X⊥

✠

X Y

∀∀

∀XX ∀XX
∀XX ,X⊥

∀ =X ,X⊥
✠

∀XX ,Y
∀= X ,Y
✠

⟧⟦ ⟧⟦

The (∀)-rule is not valid
X occurs free in context



Naive untyping (5/ 10)

✠

X X⊥

✠

X Y

∀∀

∀XX ∀XX
∀XX ,X⊥

∀ =X ,X⊥
✠

∀XX ,Y
∀= X ,Y
✠

⟧⟦ ⟧⟦

The (∀)-rule is valid
X doesn’t occur free in context

The (∀)-rule is not valid
X occurs free in context



Naive untyping (6/ 10)

✠

X X⊥

✠

X Y

∀∀

∀XX ∀XX
∀XX ,X⊥

∀ =X ,X⊥
✠

∀XX ,Y
∀= X ,Y
✠

⟧⟦ ⟧⟦

The (∀)-rule is valid
X doesn’t occur free in context

The (∀)-rule is not valid
X occurs free in context

/

Distinct w.r.t. cut-elim
{S1}

⊥ , {S2}
⊥



Naive untyping (7/ 10)

✠

X X⊥

✠

X Y

∀∀

∀XX ∀XX
✠

p q

∀

r

untype

∀XX ,X⊥
∀ =X ,X⊥
✠

∀XX ,Y
∀= X ,Y
✠

⟧⟦ ⟧⟦

The (∀)-rule is valid
X doesn’t occur free in context

The (∀)-rule is not valid
X occurs free in context

/

Distinct w.r.t. cut-elim
{S1}

⊥ , {S2}
⊥



Naive untyping (8/ 10)

✠

X X⊥

✠

X Y

∀∀

∀XX ∀XX
✠

p q

∀

r

✠

a b

∀

c

untypeuntype

∀XX ,X⊥
∀ =X ,X⊥
✠

∀XX ,Y
∀= X ,Y
✠

⟧⟦ ⟧⟦

The (∀)-rule is valid
X doesn’t occur free in context

The (∀)-rule is not valid
X occurs free in context

/

Distinct w.r.t. cut-elim
{S1}

⊥ , {S2}
⊥



Naive untyping (9/ 10)

✠

X X⊥

✠

X Y

∀∀

∀XX ∀XX

✠

p q

∀

r

✠

a b

∀

c

untypeuntype

∀XX ,X⊥
∀ =X ,X⊥
✠

∀XX ,Y
∀= X ,Y
✠

⟧⟦ ⟧⟦

The (∀)-rule is valid
X doesn’t occur free in context

The (∀)-rule is not valid
X occurs free in context

/

Distinct w.r.t. cut-elim
{S1}

⊥ , {S2}
⊥

iso



Naive untyping (10/ 10)

✠

X X⊥

✠

X Y

∀∀

∀XX ∀XX
✠

p q

∀

r

✠

a b

∀

c

untypeuntype

∼

Similar w.r.t. cut-elim
{S1}

⊥ = {S2}
⊥

∀XX ,X⊥
∀ =X ,X⊥
✠

∀XX ,Y
∀= X ,Y
✠

⟧⟦ ⟧⟦

The (∀)-rule is valid
X doesn’t occur free in context

The (∀)-rule is not valid
X occurs free in context

/

Distinct w.r.t. cut-elim
{S1}

⊥ , {S2}
⊥

iso



Thank You


