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Realisability



Realisabitity(1/3)

Family of Maps (®;);¢/
defined by induction

«O» <Fr «Er «=>»

DHa



Realisabitity(2/3)

Family of Maps (®;) ¢
defined by induction

Induction

on Sequents

«0O>» «F>» «E» «E)»

DA



Realisabitity(3/3)

Family of Maps (®;) e/
defined by induction

Induction
on Sequents

«4O>» «Fr «Er» «E» E LA



Adequacy(1/4)

Family of Maps (q’i)ie[
defined by inductio
nduction tion

on Sequents

P

Da



Adequacy(2/4)

Family of Maps (CD,-)I,GI
defined by inductio
Induction tion

on Sequents

e

Da



Adequacy(3/4)

Family of Maps (®;);e/
defined by induction

Induction

on Sequents

e

Da



Adequacy(4/4)

Restrictions

|

Sub-Family ((D/'),'EJ
defined by induction

Induction

on Sequents

P

Da



Orthogonality



Orthogonality (1/5)

Orthogonality = (symmetric) binary relation L on a set X
At ={xe X |VaeA, xlal.

Aisatype o A" = A



Orthogonality (2/5)

A polarized magma:
(M, e, 1)

A set



Orthogonality (3/5)

A polarized magma:
(M, e, 1)

AsetJ

amap M?> - M



Orthogonality (4/5)

A polarized magma:
(M, e, 1)

AsetJ \\asubsetJ_QM

A map M2 - M



Orthogonality (5/5)

A polarized magma:
(M, e, 1)
j \\ asubset L C M

A map M?> - M

A set

albs aebe L



Types in Orthogonality models (1/4)

Realise A = Orthogonal to [A]*
(IAT = [AT)

?

Does Q belong to [A]?

DA



Types in Orthogonality models (2/4)

Realise A = Orthogonal to [A]*
(AT = [AT)

Q fails interaction = Q ¢ [A]

DA



Types in Orthogonality models (3/4)

Realise A = Orthogonal to [A]*
(IAT = [AT)

?

Does Q belong to [A]?

DA



Types in Orthogonality models (4/4)

Realise A = Orthogonal to [A]*
(AT = [AT)

Infer O < [[A].

DA



Realisability in self operand (1/3)

Family of Maps (®;) e/
defined by induction

Induction
on Sequents

«O>» «F>r «Z)r «E» E LA



Realisability in self operand (2/3)

Family of Maps (®;)j¢/
defined by induction

Induction
on Sequents

(M, 1)) acts on the right on M.

o F = E E Darx



Realisability in self operand (3/3)

Family of Maps (®;)j¢/
defined by induction

Induction
on Sequents

(M, 1)) acts on the right on M.
Ya,b,ce Ma:(bl]c)=(a:b):c.

o F = E E Darx



Realisability for Multiplicative Linear
Logic



Realisability for MLL (1/4)
(Formula)

A BEX, Xt | A®B | A®B

Connectives

Induction

on Sequents

«O0>» «F>» «=)Hr» «=>»

DA



Realisability for MLL (2/4)
(Formula)

A BEX, Xt | A®B | A®B

Connectives

Induction

on Sequents

«O0>» «F>» «=)Hr» «=>»

DA



Realisability for MLL (3/4)

(Formula) AB2X, Xt | AeB | A®B
(Hypersequent) Hi,Ho= A | Hi,Ha | Hill Hz
Pre—connectives

Connectives

Induction

on Sequents

<o

AEF>r « >

DA



Realisability for MLL (4/4)

(Formula) AB2X, Xt | AeB | A®B
(Hypersequent) Hi,Ho= A | Hi,Ha | Hill Hz
Construction
on Types
Pre—connectives
Connectives

Induction

on Sequents

DA



Construction on types in Polarized Self Operand



Construction on Types (1/2)

A||B={a||blacA beB}"



Construction on Types (2/2)

A||B={a||blacAbeB}l AoB={x|YaecAx:aecB}"



Duality (1/7)
A||B={a||blacAbeB}l AoB={x|YaecAx:aecB}"

Proposition. Ao B = A+ || B-.



Duality (2/7)
A||B={a||blacAbeB}l AoB={x|YaecAx:aecB}"

Proposition. Ao B = A+ || B-.

Proof Sketch. x e AoB & VaeAt,x:aeB



Duality (3/7)
A||B={a||blacAbeB}l AoB={x|YaecAx:aecB}"

Proposition. Ao B = A+ || B-.

Proof Sketch. x e AoB & VaeAt,x:aeB
o YaeAt,x:aeB"



Duality (4/7)
A||B={a||blacAbeB}" AoB={x|YacAx:aecB}"

Proposition. Ao B = A+ || B-.

Proof Sketch. x e AoB & VaeAt,x:aeB
& YaeAt,x:aeB"
& VYaeAt, x:alLBt



Duality (5/7)
A||B={a||blacAbeB}" AoB={x|YacAx:aecB}"

Proposition. Ao B = A+ || B-.

Proof Sketch. x e AoB & VaeAt,x:aeB
VaeAl,x:aeB"
YaeAt,x:a L B+
VaeAt,VbeB* (x::a):bel

t ¢3¢



Duality (6/7)
A||B={a||blacAbeB}" AoB={x|YacAx:aecB}"

Proposition. Ao B = A+ || B-.

Proof Sketch. x e Ao B YVacAt,x:acB
VaeAl,x::aeB"
YaeAt,x:a L B+
VaeAt,VbeB* (x::a):bel
VaeAt,VbeB x:(@|lb)el

ts0¢CSQ



Duality (7/7)
A||B={a||blacAbeB}" AoB={x|YacAx:aecB}"

Proposition. Ao B = A+ || B-.

Proof Sketch. x e Ao B YVacAt,x:acB
VaeAl,x:aeB"
YaeAt,x:a L B+
VaeAt,VbeB* (x::a):bel
VaeAt,VbeB x:(@|lb)el
x1LAt || B+

(DR O )



Orthogonality in Self—-Operands

Intersections and Unions



Intersection and Union

Given (A))ic; a family of types:
Niel Ai is a type.
(Uie) A)* = (UieIA,'J_)J_J_-
(Nt Ai)* = (mieIA,'J_)J-J_-



Orthogonality in Self—-Operands

Operators



Operators and Constructions (1/3)

Operator of arity non X = map X" — X.
Higher order operator on X = operator on £(X)

Operator @ on X = Higher order operator a: on X

a/T:X1,...,Xn—>{a(X1,...



Operators and Constructions (2/3)

Construction on types = H.O.0. a such that

Ai,...,A,types = a(Aq,...,Ap) type.

Bi—dual operator bd : A C X —» A"

Proposition. For any H.O.0. «, bd o « is a construction.



Operators and Constructions (3/3)

Two H.0.0. a and 3 are orthogonal & a(Aq,...,Ay)" = B(A7, ..., Ap).



Distributive Properties

Whenever « is an operator on X:

L) oA, A = (A

7€H I ir€h

() oA, A = [ Ar

7€H I 1€l



Orthogonality in Self—-Operands

Implicative Structures in Self Operands



Implicative Structures (1/6)

An Implicative Structure:

(S, <, =)



Implicative Structures (2/6)

An Implicative Structure:

(S.<, =)

Complete meet lattice



Implicative Structures (3/6)

An Implicative Structure:

_))
/ \AmapSzﬁS
C

omplete meet lattice



Implicative Structures (4/6)

An Implicative Structure:

(?C<, —)\)>Amap32 -

omplete meet lattice

1.V¥ap,a,beS a<a = a—-b<a —b.



Implicative Structures (5/6)

An Implicative Structure:

N> _))
/ \AmapSZ—MS
C

omplete meet lattice

1.V¥ap,a,beS a
2. Yap,a,beS a

p<a > a—->b<a-—b
pr<a > a—-b<a —b.



Implicative Structures (6/6)

An Implicative Structure:

(?C<, —)\)>Amap32 -

omplete meet lattice

1.Vag,a,beS ag = a—b
2. Yag,a,beS a = a—->b<ay—b.

3. VB Q ﬂ AbEB(a — b) =a— AbEB b

ao—>b.

<a <
<a <



Application in an Implicative Structures

The application in an implicative structure:

abéA{ceS|a<b—>c}.



Implicative Structures in Self Operands (1/3)



Implicative Structures in Self Operands (2/3)

(T, C, —)

set of types
Closed under (A))ic; — (Ui At



Implicative Structures in Self Operands (3/3)

(T, C, —)

set of types
Closed under (Ay)ie; = (Ujes A construction on types

A—-B=A'oB



Application and Arrow Properties (1/5)
A:Bz{a:blacADbeB}

A—->Bz{x|YacA x::acB}



Application and Arrow Properties (2/5)
A:Bz{a:blacADbeB}

A—->Bz{x|YacA x::acB}
Proposition.

A::B=ABéﬂ{C|AgB—>C}



Application and Arrow Properties (3/5)

A:Bz{a:blacADbeB}

A—->B=z{x|YaeA x::acB}
Proposition.

A::B=ABéﬂ{C|AgB—>C}

A—>B=U{C|C::AQB}



Application and Arrow Properties (4/5)

A:Bz{a:blacAbeB)}

A—->B=z{x|YacA x::acB}

Proposition.

A::B=ABéﬂ{C|AgB—>C}
A—>B=U{C|C::AQB}

AL=U{C|A::CQL}



Application and Arrow Properties (5/5)
A:Bz{a:blacAbeB}

A—->B=z{x|YaceA x::acB}

Proposition.

A::B=ABéﬂ{C|AgB—>C}
A—>B=U{C|C::AQB}
AL=U{C|A::CQL}

A“:ﬂ{CﬂA::Cgl}



Computability of Types



Computable types (1/3)

AsetAisa type iff

A=At



Computable types (2/3)

AsetAisa type iff

A=At
© ABA= B!



Computable types (3/3)

AsetAisa type iff

A=At
© ABA= B!



Preserving Computability (1/3)

DA



Preserving Computability (2/3)

weaker form

DA



Preserving Computability (3/3)

weaker form

DA



Correctness in self—-operands



Descriptions (1/6)

How to map proofs to elements of (X, ||, L) ?



Descriptions (2/6)

How to map proofs to elements of (X, i, ||, L) ?
The notion of Description:



Descriptions (3/6)

How to map proofs to elements of (X, i, ||, L) ?
The notion of Description:

(A, a,B,7y)



Descriptions (4/6)

How to map proofs to elements of (X, i, ||, L) ?
The notion of Description:

(A, a,B,7y)

A subset A C X
of approximations



Descriptions (5/6)

How to map proofs to elements of (X, i, ||, L) ?
The notion of Description:

(A, a,B,y)

A subset A C X j
of approximations
Binary operator M?> — M



Descriptions (6/6)

How to map proofs to elements of (X, i, ||, L) ?
The notion of Description:

( ’a’ﬁ7 )

A subset A C X Unary operators M — M
of approximations

Binary operator M?> — M



Desequentialization (1/5)

Approximation = a map ¢ : HS(MLL) — A.

— — @)



Desequentialization (2/5)

Approximation = a map ¢ : HS(MLL) — A.
Desequentialization = lifting an approximation along description (A, @, 8, ¥);

= — @)



Desequentialization (3/5)

Approximation = a map ¢ : HS(MLL) — A.
Desequentialization = lifting an approximation along description (A, @, 8, ¥);

= — @)

o

rA B = B(@(r))
rAZ%B




Desequentialization (4/5)

Approximation = a map ¢ : HS(MLL) — A.
Desequentialization = lifting an approximation along description (A, @, 8, ¥);

= — @)

rAB = B(D(r1))
LA®B

LA AB B a®@r),dr))
rAA®B




Desequentialization (5/5)

Approximation = a map ¢ : HS(MLL) — A.
Desequentialization = lifting an approximation along description (A, @, 8, ¥);

= — @)

rAB = B(P(rq))
LAXB

LA AB B a®@r),dr))
rAA®B

B A A - y(P(r))
— eX

A B,A




Realizers in a self operand



Realizers (1/2)

How are constructed the interpretations?



Realizers (2/2)

How are constructed the interpretations?
Using dual binary operators:

(€, €)



Interpretation Basis (1/8)

Interpretation basis 8 =a map [l : FmL — type(X).



Interpretation Basis (2/8)

Interpretation basis 8 =a map [l : FmL — type(X).
(Duality condition) [X*1g € [XI-



Interpretation Basis (3/8)

Interpretation basis 8 =a map [llg : FmL — type(X).
(Duality condition) [X*]g C I[X]lg-

I
Lifting to Hypersequent

\



Interpretation Basis (4/8)

Interpretation basis 8 =a map [llg : FmL — type(X).
(Duality condition) [X*]g C I[X]lg-

I
Lifting to Hypersequent

JL Using (€, €)



Interpretation Basis (5/8)

Interpretation basis 8 =a map [llg : FmL — type(X).
(Duality condition) [X*]g C I[X]lg-

I
Lifting to Hypersequent

JL Using (€, €)

[A®Blsg=[Alsg - [Bls.



Interpretation Basis (6/8)

Interpretation basis 8 =a map [llg : FmL — type(X).
(Duality condition) [X*]g C I[X]]g.

I
Lifting to Hypersequent

JL Using (€, €)

[A®Blsg=[Alsg - [Bls.
[A % Blg = [Als - [Bls.



Interpretation Basis (7/8)

Interpretation basis 8 =a map [llg : FmL — type(X).
(Duality condition) [X*]g C I[X]]g.

I
Lifting to Hypersequent

JL Using (€, €)

[A®Blsg=[Alsg - [Bls.
[A % Blg = [Als - [Bls.
[A |l Bls =[Alg Il [Blg.



Interpretation Basis (8/8)

Interpretation basis 8 =a map [llg : FmL — type(X).
(Duality condition) [X*]g € [ X1

I
Lifting to Hypersequent

JL Using (€, €)

[A®Blsg = [Als -¢ [Bls.
[A % Blg = [Als -€ [Bls-
[A Il Blg = [Alsg || [Bls-
[A, Bls = [Als, [Bls-



Adequacy

Formulating Adequacy



Defining Adequacy

A desequentialization ® on a description (A, a, 3, y) is adequate with an interpretation
basis 8 on a pair (¢, ) iff:

An:Tx=P(n) = x e[l

Xte = xEgl.



Adequacy

Sufficient conditions



Distributive description

A description (A, a, B8, 7) is distributive:

> VX, y B(x:y)=pB(x) Y.
> VX, ¥, Xy ax iy, X syY=alxaxX)syly'.



Compatible description

A description (A, a, 8, y) is compatible with a dual pair (&, €):
> yix) e[Tlg = x e [(i i+ 1)g.
» Booisincluded ine.
> aisincluded in .



Coherent Approximation

An approximation ® : Hy — A is coherent with an
interpretation basis [[-]s:

o) els

Coherent Desequentialization = Desequentialization from a
coherent approximation.



Adequacy

Theorem. Given a distributive description (A, a, 8, y) compatible
with (&, €).

Any coherent desequentialization ® is adequate with any
interpretation basis 5.



Completeness



Completeness
Distributive rewriting system



Distributive rewriting systems (1/3)

A distributive rewriting system:



Distributive rewriting systems (2/3)

A distributive rewriting system:

The terms
i, =X€VAR | tj-alp | 4B b | 1+h



Distributive rewriting systems (3/3)

A distributive rewriting system:
The terms
ty,lo = x € VAR | L a b | ty 'ﬂ-tg | +th

The reduction rule (with closure):

a-a(bpc)—(aab)pc+(aac)pb.



Rewriting properties (1/3)

What about its rewriting properties?



Rewriting properties (2/3)

What about its rewriting properties?

Adding simple equivalence:

t[X — K+ t2] = t[X — t1] + t[X — tg]



Rewriting properties (3/3)

What about its rewriting properties?

Adding simple equivalence:
f[x «— ti + ] = t[x « ] + t[x « Bo]
Distributive rewriting systems are confluent and strongly normalizing.

NB. Normal forms are stratified: }ic; Bjes @kek X(i, ], K).



Completeness
Completeness a la Danos—Regnier

Exponential time complexity



Descriptive set of Types (1/5)

a switches on g iff

Ao (BSC)=(A-aB)BCU(AaC)sB



Descriptive set of Types (2/5)

a switches on g iff
Aa(BpBC=(AaB)pCUAaC)pB

A set of types € is descriptive whenever:



Descriptive set of Types (3/5)

a switches on g iff
Aa(BpBC=(AaB)pCUAaC)pB

A set of types € is descriptive whenever:
1. Closed under o and ||.



Descriptive set of Types (4/5)

a switches on g iff
Aa(BpBC=(AaB)pCUAaC)pB

A set of types € is descriptive whenever:
1. Closed under o and ||.
2.YA,Be €, AoB= (A -arB)

11



Descriptive set of Types (5/5)

« switches on g iff

A-a (BBC)=(A-aB)BCU(aC)sB

A set of types € is descriptive whenever:
1. Closed under o and ||.
2.YA,B€ €, AoB=(A-arrB)
3. an switches on || in C.

11



Semantics of DRS (1/4)

DA



Semantics of DRS (2/4)

[-1o

DA



Semantics of DRS (3/4)

[t « tollp = [t11p o (21D
[t1 B tolp =t |l [t21lp

Lifted by induction It + tlo =Th]o U lElo

(Z,a,B,+) aDRS [-1o (€, 0,]l,V)




Semantics of DRS (4/4)

[t « tollp = [t11p o (21D
[t1 B tolp =t |l [t21lp

Lifted by induction [t + tlp = [t]o Vitlo

(Z,a,B,+) aDRS [-1o (€, 0,]l,V)

t-t = [tlo=10Ip



Interpretation Basis and DRS Semantics (1/3)

[t « tollp = [t11p o (21D
[t1 B tolp =t |l [t21lp

Lifted by induction It + tlo =Th]o U lElo

(VAR, %9, ®, U) a DRS 1o (€, 0,1,V)

t->t — [tlo=1[tlp



Interpretation Basis and DRS Semantics (2/3)

Lifted by induction

(VAR, %, ®, U) a DRS

[-1p

[ty % tlp=1[0tlpcltlp
[ti ® Llp=1[tlp ll [t
[t1 U t]p=[t1pVltlp

((S’ O’ ”7 U)

t—>t

=

[tlp = [t'lp



Interpretation Basis and DRS Semantics (3/3)

Lifted by induction

[ty & tollp =t11p o [t2llp
[t1 ® lp=[tlp |l [tlp
[ty U blp=1[t1p VU ltlp
[-1o

N

Interpretation Basis

DA



Danos Regnier Tests (1/4)

[-1s is a denotational semantic.



Danos Regnier Tests (2/4)

[-1s is a denotational semantic.

A = Uies 9jey llkek ali,j, k)
= [Allg = [Uie; ey llkex a(i,j, k)ls



Danos Regnier Tests (3/4)

[-1s is a denotational semantic.

A = Uies 9jey llkek ali,j, k)
= [Allg = [Uie; ey llkex a(i,j, k)ls

11

s [Alg = (Uiel Ojes llkek Mali,J k)]]B)



Danos Regnier Tests (4/4)

[-1s is a denotational semantic.
A = Uies 9jey llkex all, j, k)
= [Allg = [Uie; ey llkex a(i,j, k)ls
= [[A]]B=(Uiel Ojes llkek Mali,J )]]B)
1
& [ALE = (Nier lew okek [a(i.j. K)1s)

11



Completeness
Parsing

Naively O(n?) time complexity



Parsing (1/3)

Pt P2 P3--Pn

-p

p



Parsing (2/3)

T e e N

p1 P2 P3--- Pn —p Pn —pPq1---Qn r P1--- Pn

gy g

P T



Parsing (3/3)

ﬁ&pﬁpﬂ
4

Pn

LD S D

Gt Gn

Pi "

=P qi--:Qn r P1--- Pn

DHa



Implementing Parsing (1/2)

X0, L) = Induction{
BASESET = Xg
StableUnder{||, a, 8}
}



Implementing Parsing (2/2)

X, l, L) = Induction{
BASESET = Xg
StableUnder{||, a, 8}
}

Parsing=a(x) -z and pB(x,y) — z.



Completeness
Parsing and orthogonality

O(n) time complexity



Linear Time test (1/7)

Linear time tests in orthogonality models?



Linear Time test (2/7)

Linear time tests in orthogonality models?
Based on unification, parsing has linear—complexity. (Guerrini 2011).



Linear Time test (3/7)

Linear time tests in orthogonality models?
Based on unification, parsing has linear—complexity. (Guerrini 2011).

Ingredients:



Linear Time test (4/7)

Linear time tests in orthogonality models?
Based on unification, parsing has linear—complexity. (Guerrini 2011).

Ingredients:
Decomposition x € X  x1 || --- || xp



Linear Time test (5/7)

Linear time tests in orthogonality models?
Based on unification, parsing has linear—complexity. (Guerrini 2011).

Ingredients:
Decomposition x € X  x1 || --- || xp

a(X) »opz © xuPyel



Linear Time test (6/7)

Linear time tests in orthogonality models?
Based on unification, parsing has linear—complexity. (Guerrini 2011).

Ingredients:
Decomposition x € X  x1 || --- || xp
a(X) »opz © xuPyel

Bxlly)—pz & x|yuPgel



Linear Time test (7/7)

Linear time tests in orthogonality models?
Based on unification, parsing has linear—complexity. (Guerrini 2011).

Ingredients:
Decomposition x € X — x4¢ || --- || X
a(X) »opz © xuPyel
Bxlly)»pz & x|ly:iPgel
Composition for P, and Pg.



Completeness
Linear Time Tests with nets



Computation — Homogeneous cut elimination

1 2 3 4 1 2 3 4

? & S %J Sx 67 does not reduce

P1 Pn-1



Computation — Non homogeneous cut—elimination

4 5

Y

& Pi P2 ... Pn — 4 5 p;‘ p12 P2 ... Pn

{g1,....an} ={q},....q} Y wial,....q)



Creating Parsing Tests (1/6)

A o

by by bs ¢4

vl



Creating Parsing Tests (2/6)

e

by bx bz

ik

|

S



Creating Parsing Tests (3/6)

sl

by b2 by Ci

(-



Creating Parsing Tests (4/6)

o (R TR




Creating Parsing Tests (5/6)

o < =, «=» T WaAX



Creating Parsing Tests (6/6)

DA



Why is it Linear? (1/5)

T A

C2

How it works:

DA



Why is it Linear? (2/5)

? b’]’f\ba C{ﬂlz i B L LS S
v v

How it works:

1. Disconnections are irreversible w.r.t. cut—elimination.



Why is it Linear? (3/5)

TAA = e =
LA A

How it works:

1. Disconnections are irreversible w.r.t. cut—elimination.
2. Againts P, Pg cycles are irreversible w.r.t. cut—elimination.



Why is it Linear? (4/5)

TAA = e =
LA A

How it works:

1. Disconnections are irreversible w.r.t. cut—elimination.
2. Againts P, Pg cycles are irreversible w.r.t. cut—elimination.
3. First eliminate all reversible cut.



Why is it Linear? (5/5)
< b A
- | || = A

How it works:
1. Disconnections are irreversible w.r.t. cut—elimination.

2. Againts P, Pg cycles are irreversible w.r.t. cut—elimination.
3. First eliminate all reversible cut.

4. Only (% /»X) cut remain, they must not create disconnections and so the choice
does not matter.



Thank You



