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| — An overview of Realisability

The Brouwer—Heyting—Kolmogorov Interpretation



BHK Interpretation (1/ 13)

7:AANB & 7= (my,m2)



BHK Interpretation (2/ 13)

71'1ZA

n:AAB & 7 =(my,m2)



BHK Interpretation (3/ 13)

T4 :Aﬂ'g'B

n:AAB & 7 =(my,m2)



BHK Interpretation (4/ 13)

T4 :Aﬂ'g'B

n:AAB & 7 =(my,m2)

7 =40,p)
n:AvB &



BHK Interpretation (5/ 13)

T4 :Aﬂ'g'B

n:AAB & 7 =(my,m2)

—pIA
m=0,p)

n:AvB &



BHK Interpretation (6/ 13)

n:AAB & 7 =(my,m2)

n:AvB & OR



BHK Interpretation (7/ 13)

: B
[
n:AANB & T ={m,m2)
[ PiA
n=(0,p)
n:AVB & OR
[——p:B

7n:A—-B & foranyp:A (m)p:B



BHK Interpretation (8/ 13)

71'11Aﬂ_ B
n:AAB & n = (71, 72) ; m:AxeXPx & m=(X.p)
[ PiA
7r=<0’,0>
n:AvB & OR
—r:B

7n:A—-B & foranyp:A (m)p:B



BHK Interpretation (9/ 13)

AL B ——p:Px
1 AAB © 7= (13, 7) n:dxeXPx © 7m=(X,p)
ﬁp:A
n=(0,p)
n:AvB & OR _
ﬁp.B
n=(1,p)

n:A—->B & foranyp:A (m)p:B



BHK Interpretation (10/ 13)

A B ——piPx
1 AAB © 7= (13, 7) 7:AxeXPx & w=(X,p)
(OTp:A m:¥xeXPx o foranyxeX  (m)x:Px
T = , P
n:AvB & OR _
ﬁp.B
n=(1,p)

n:A—->B & foranyp:A (m)p:B



BHK Interpretation (11/ 13)

A LB ——p:Px
7:AAB = 7T=<ﬂ'17'[2> n:dxe X Px & 7T=<X,p>
(OTp:A m:¥xeXPx o foranyxeX  (m)x:Px
T = , P
n:AvB & OR _ _—
ﬁp.B
n=(1,p)

n:A—->B & foranyp:A (m)p:B



BHK Interpretation (12/ 13)

7r1:A7T2:B ——piPx
7:AANB © = {my,m2) nidxeXPx & m=(Xp0)
<())ﬁp:A m:V¥xeXPx © forany x e X (m)x : Px
n=<0,p0
n:AvB & OR 0B Tl S None
ﬁ .
n=(1,p)

n:A—->B & foranyp:A (m)p:B



BHK Interpretation (13/13)

7r1:A7T2:B ——piPx
7:AANB © = {my,m2) nidxeXPx & m=(Xp0)
<())Fp:A m:V¥xeXPx © forany x e X (m)x : Px

n=<0,p0

n:AvB & OR 0B Tl S None

ﬁ .

n=(1,p)

mi-A S m:A-> L

n:A—->B & foranyp:A (m)p:B



| — An overview of Realisability

Algebraic aspects of the BHK interpretation



Algebraic aspects in BHK (1/ 3)

m A ——piPx
[ :B
n:AAB © = {mq,m2) " m:IxeXPx © m=(X,p)
<o>ﬁp:A n:¥xeXPx & forany x e X (m)x : Px
m=(0,p
n:AVvB & OR 0B Tl = None
ﬁ -
n={1,p)
m:-A © n1:A-> 1L

n:A—-B & foranyp:A (n)p:B



Algebraic aspects in BHK (2/ 3)

771:A7T2:B —p:Px
T AAB o 7r=<7r17r£2> r:AxeXPx © w=(X,p)
<O>ﬁp:A m:¥xe X Px © forany x e X (m)x : Px
n=(0,p
n:AvB & OR 0B L =3 None
—
m={1,p)
m-A S n:A-> L

A notion of



Algebraic aspects in BHK (3/ 3)

7T12A”2:B —p:Px
n:AANB & = (my, o) midxeXPx & m=(Xp)
oA m:VxeXPx & forany xe X (m)x : Px
=0,
n:AvB & OR B L =3 None
m=(1,
m:-A o n:A-> L

n:A—->B & foranyp:

A notion of product A notion of Interaction



| — An overview of Realisability

Realisability:
Implementing the BHK interpretation



BHK Implementations (1/ 14)

DHa



BHK Implementations (2/ 14)

DHa



BHK Implementations (3/ 14)

DHa



BHK Implementations (4/ 14)

An interpretation map ®
defined by induction

«0O>» «F>» «E» «E)»

DA



BHK Implementations (5/ 14)

An interpretation map ®
defined by induction

«0O>» «F>» «E» «E)»

DA



BHK Implementations (6/ 14)

Recursive Functions (Kleene)

Lambda terms (Kreisel) h

Ac—terms/stacks (Krivine) j

Programs¢-, -)

An interpretation map ¢
defined by induction

Formulas - R



BHK Implementations (7/ 14)

Recursive Functions (Kleene)

Lambda terms (Kreisel) h

A.—terms/stacks (Krivine) j

Programs¢-, -

An interpretation map ¢ ( )
defined by induction

Formulas - e

Induction
on Sequents

Proofs



BHK Implementations (8/ 14)

Recursive Functions (Kleene)

Lambda terms (Kreisel)
Ac.—terms/stacks (Krivine)

An interpretation map ¢
defined by induction

Induction
on Sequents

=] F = E E Darx



BHK Implementations (9/ 14)

Recursive Functions (Kleene)

Lambda terms (Kreisel)
Ac—terms/stacks (Krivine) j {
Programs¢:, -)
An interpretation map ® ()
defined by induction

Formulas

Induction

on Sequents

Proofs

T

What is this map?




BHK Implementations (10/ 14)

Recursive Functions (Kleene)

Lambda terms (Kreisel)
Ac—terms/stacks (Krivine)

An interpretation map ¢
defined by induction

Induction
on Sequents

=] F = E E Darx



BHK Implementations (11/ 14)

Recursive Functions (Kleene)

Lambda terms (Kreisel)
Ac—terms/stacks (Krivine)

An interpretation map ¢
defined by induction

Induction
on Sequents

=] F = E E Darx



BHK Implementations (12/ 14)

Recursive Functions (Kleene)

Lambda terms (Kreisel)
Ac—terms/stacks (Krivine)

An interpretation map ¢
defined by induction

Induction
on Sequel

«O>» «F>r «Z)r «E» E LA



BHK Implementations (13/ 14)

Recursive Functions (Kleene)

Lambda terms (Kreisel)
Ac—terms/stacks (Krivine)

An interpretation map ¢
defined by induction

Induction
on Sequel

=] F = E E Darx



BHK Implementations (14/ 14)

Recursive Functions (Kleene)

Lambda terms (Kreisel)
Ac—terms/stacks (Krivine)

An interpretation map ¢
defined by induction

Induction
on Sequel

o =2 = = E Darx



| — An overview of Realisability

The Adequacy theorem



Adequacy (1/ 4)

Family of Maps (®)je/
defined by induction
Induction

on Sequents

«0O)>» «F»

DA



Adequacy (2/ 4)

Family of Maps (®)je/
defined by induction
Induction

on Sequents

«O» <« F»

DA



Adequacy (3/ 4)

Family of Maps (®)e/
defined by induction

Induction

on Sequents

«O» <« F»

DA



Adequacy (4/ 4)

Restrictions

|

Sub~Family (®;);ey
defined by induction

Induction

on Sequents

«O» <« F»

DA



Il — Interactive Realisability

The Limits to Consistency



Consistency (1/ 6)

Consistency



Consistency (2/ 6)

Consistency

False L cannot be proved!



Consistency (3/ 6)

Consistency

False L cannot be proved! Contradiction must be avoided!
= No proof of A A -A |



Consistency (4/ 6)

Consistency

False L cannot be proved! Contradiction must be avoided!
= No proof of A A -A |

Proof(A) #0 = Proof(=A) = 0



Consistency (5/ 6)

Consistency

False L cannot be proved! Contradiction must be avoided!
= No proof of A A -A |

Proof(A) #0 = Proof(=A) = 0

Consistency
inihibits
interaction



Consistency (6/ 6)

Consistency

False L cannot be proved! Contradiction must be avoided!
= No proof of A A -A |

Proof(A) #0 = Proof(=A) = 0

. n P
Consistency el
_inihibits Ao L A Cannot exists!
interaction cut




Il — Interactive Realisability

Consistency in the BHK interpretation



Consistency in BHK (1/4)

7r1:A7T2:B ——piPx
7:AANB © = {my,m2) nidxeXPx & m=(Xp0)
<())Fp:A m:V¥xeXPx © forany x e X (m)x : Px
n=<0,p0
n:AvB & OR 0B Tl S None
ﬁ .
n=(1,p)

m-A S m:A-> L

n:A—->B & foranyp:A (m)p:B



Consistency in BHK (2/ 4)

n:AAB

n:AVB

n:A—>B

=4

m=(1,p)

foranyp: A

(m)p :

B

n:dxe X Px &

n:¥xe X Px & forany x e X

T

/g

L

1 -A

(=4

(=4

——p:Px

T =(X,p)

None

T:A—> L

(m)x : Px



Consistency in BHK (3/ 4)

7r1:A7T2:B ﬁp:Px
n:AAB & 7= (11, m2) 7iAXEXPx & m= (60
<0>ﬁp:A n:¥xe X Px & forany x e X (m)x : Px
m=(0,p
n:AVvB & OR 0B Tl = None
n=1,p)
m-A S n:A-> 1

n:A—-B & foranyp:A (n)p:B

l

Interaction



Consistency in BHK (4/ 4)

l—m :Aﬂ‘2 B
n:AANB & 7(=<7T1,7T;
pA
m=0,p)
n:AvB & OR 0B

m={1,p)

n:A—-B & foranyp:A (n)p:B

|

Interaction
! A= B

n:dxe X Px &
m:V¥xeXPx © forany x e X

/.

1

1 -A

Cut Rule

cut

(=4

(=4

——pPx

T = <Xap>

None

T:A—> 1

(m)x : Px



A limit to interaction (1/7)

7r1:A7T2:B ﬁp:Px
Tn:AANB & = {m{, 7o) midxeX Px o x=Xp)
pA m:V¥xe X Px & forany x e X (m)x : Px
n =0, p)
n:AvB & OR 0B Tl = None
m=1.0)
m-A © n1:A-> L

n:A—-B & foranyp:A (n)p:B

B s
Interaction

] Ao L A
Cut Rule +

cut



A limit to interaction (2/ 7)

7r1:A7T2:B ﬁp:Px
Tn:AANB & = {m{, 7o) midxeX Px o x=Xp)
pA m:V¥xe X Px & forany x e X (m)x : Px
n =0, p)
n:AvB & OR B Tl = None
m=(1,p)

n:A—-B & foranyp:A

|

Interaction

|

Cut Rule



A limit to interaction (3/ 7)

7T1:A7r2:B ﬁp:Px
Tn:AANB & = {m{, 7o) midxeX Px o x=Xp)
pA m:V¥xeXPx © forany x e X (m)x : Px
n =0, p)
n:AvB & OR 0B Tl = None
n=(1.p)

n:A—-B & foranyp:A (n)p:B

| .
Interaction

’ A—> L

Cut Rule +




A limit to interaction (4/ 7)

7T1:A7r2:B ﬁp:Px
Tn:AANB & = {m{, 7o) midxeX Px o x=Xp)
pA m:V¥xeXPx © forany x e X (m)x : Px
n =0, p)
n:AvB & OR 0B Tl = None
n=(1.p)

n:A—-B & foranyp:A (n)p:B

| .
Interaction

’ A—> L

Cut Rule +




A limit to interaction (5/ 7)

7T1ZA7Z_2:B ——piPx
n:AANB & = {m,72) nidxeXPx & m=(p)
[ PIA nm:¥xeXPx & forany x e X (m)x : Px
n=0,p)
n:AvB & OR 0B Tl = None
r=(1,0

7n:A—-B & foranyp:A (n)p:B

No such W can exists
realizer

g [A]#0 = [A— L]=0

Interaction
’ A—> 1

Cut Rule L




A limit to interaction (6/ 7)

CA — : Px
Al 7T2:B | XP P JT—<X )> g
T AAB o 7T=<7T137T£2> m:dx e X = (X, [
<0>rp:A nm:¥xeXPx & forany x e X (m)x : Px
m=0,p
n:AvB & OR 0B Tl = None
m={.0)  Empty!
— Py T T:A—> L

7n:A—-B & foranyp:A (n)p:B

No such W can exists
realizer

d [A]#0 = [A— L]=0

Interaction
’ A—> 1

Cut Rule L




A limit to interaction (7/ 7)

7T1ZA7T2:B ——piPx
7:AAB & 7r:(7r1,7r; AidxeXPx & m=Xp)
© >ﬁp:A 7:¥xe X Px © forany x € X (m)x : Px
n=(0,p
r:AvB & OR 0B mil =4 None
”—<1*f’>/Empty|( T mT:A—> L

7n:A—-B & foranyp:A (n)p:B

No such @;ﬁggrcan exists
[A1#0 = [A— 1]=0

[Al=0 = [A — 1] =ALL

J ;
Interaction

’ A—> L

Cut Rule L

cut



Il — Interactive Realisability

Proofs and Counter Proofs : Breaking Consistency



Proofs and Models (1/ 5)

Formulas



Proofs and Models (2/ 5)

DA



Proofs and Models (3/ 5)

Proofs

Proves
Establish Tautology

v

Formulas



Proofs and Models (4/ 5)

Proofs

Proves
Establish Tautology

JL Models

Formulas *



Proofs and Models (5/ 5)

Proofs

Proves
Establish Tautology

JL Models

Formulas *

Models
Establish Refutability



Can Proofs and Models be at the same level ?

Models
Establish Refutability

«O>» «F»

it
a

DA



Counter proofs (1/ 3)

Proves
Establish Tautolo

Models
Establish Refutability

«O0>» «F>» «=)Hr» «=>»

DA



Counter proofs (2/ 3)

Proves
Establish Tautolo

Models
Establish Refutability

«O0>» «F>» «=)Hr» «=>»

DA



Counter proofs (3/ 3)

Proves
Establish Tautolog

cutxelimination
Models

Equipped with a notion of interaction
Establish Refutability

«O0>» «F>» «=)Hr» «=>»

DA



Il — Interactive Realisability

Proofs and Counter Proofs : Breaking Consistency



Towards an interactive framework (1/ 10)

mil & None
n:A—-B & foranyp:A (n)p:B
i -A e n:A-> 1L

A= 1 A cannot exists
cut




Towards an interactive framework (2/ 10)

n:A—-B & foranyp:A (n)p:B




Towards an interactive framework (3/ 10)

Tl = Nofe
7n:A—>B ¢© foranyp:A (n)p:B The pole [L] # 0
m:-A S m:A-> L




Towards an interactive framework (4/ 10)

Tl = Nofe
7n:A—>B ¢© foranyp:A (n)p:B The pole [L] # 0
m:-A S m:A-> L

becomes ( n ) 0 € [L]

cut A= L A




Towards an interactive framework (5/ 10)

Tl = Nofe
7n:A—>B ¢© foranyp:A (n)p:B The pole [L] # 0
m:-A S m:A-> L

becomes ( n ) 0 € [L]

cut A= L 27




Towards an interactive framework (6/ 10)

Tl o None
7n:A—>B ¢© foranyp:A (n)p:B The pole [L] # 0
m:-A & a1:A-—> L
T p becomes
L o = ( m ) P el = p:A
cut A= L 27




Towards an interactive framework (7/ 10)
n:A->B &

foranyp: A

(m)p : B

e
1 -A

=4

becomes
—
1

The pole [L] # 0
T:A—> L
cut

pA



Towards an interactive framework (8/ 10)
n:A->B &

foranyp: A

(m)p : B

e
1 -A

=4

becomes
—
1

The pole [L] # 0
T:A—> L
cut

pA




Towards an interactive framework (9/ 10)
n:A->B &

foranyp: A

(m)p: B

1 -A

e
(=3
becomes
—
1

The pole [L] # @
T:A—> L
cut

o



Towards an interactive framework (10/ 10)
n:A->B &

foranyp: A

(m)p - B

e
1 -A

&

becomes
—
1

The pole [L] # @
n:A—> L
cut

p:A

Orthogonality

DA



Il — Interactive Realisability

Orthogonality in realisability models



Types in Orthogonality models (1/4)

Realise A = Orthogonal to [A]*
(IAT = [AT)

?

Does Q belong to [A]?

DA



Types in Orthogonality models (2/4)

Realise A = Orthogonal to [A]*
(AT = [AT)

Q fails interaction = Q ¢ [A]

DA



Types in Orthogonality models (3/4)

Realise A = Orthogonal to [A]*
(IAT = [AT)

?

Does Q belong to [A]?

DA



Types in Orthogonality models (4/4)

Realise A = Orthogonal to [A]*
(AT = [AT)

Infer O < [[A].

DA



Il — Interactive Realisability

Example with nets



Cyclic interaction (1/7)

DA



Cyclic interaction (2/7)

DA



Cyclic interaction (3/ 7)

=] F = E E Darx



Cyclic interaction (4/ 7)

R

N



Cyclic interaction (5/ 7)



Cyclic interaction (6/ 7)

}

(



Cyclic interaction (7/ 7)

}

® e[1]?

(



lll — Completeness in Realizability



Completeness (1/ 4)

Restrictions
Sub—Family (®))jey
defined by induction
Induction
on Sequents

«O» 4Fr «=r « =)

DA



Completeness (2/ 4)

Restrictions
Composition of l
Sub—Family (®))jey
defined by induction
Induction
on Sequents

«O» <« F»

DA



Completeness (3/ 4)

Usually Intersection

Restrictions
Composition of l
Sub—Family (®))jey
defined by induction
Induction
on Sequents

«O» <« F»

DA



Completeness (4/ 4)

Usually Intersection

Restrictions
Composition of l
Sub—Family (®))jey
defined by induction
Induction
on Sequents

Invert this map

«O» 4Fr «=r « =)

DA



|V — Realisability for Linear Logic

The Proof System



Second Order Multiplicative Linear Logic

AATT T
LA AA+ rA,BA
—————cut - _ . &
r.A r.B,A,A
rA AB rAB
- —® ——f
AAeB  TLAXB
LAX<B] TA
v
AxA  TVXA



|V — Realisability for Linear Logic

Proof Structures: The Space of Realisers



Linear Realisability (1/ 9)

Family of Maps (®;)e/
defined by induction

Induction
on Sequents

«O>» «F>r «Z)r «E» E LA



Linear Realisability (2/ 9)

Induction

on Sequents

DA



Linear Realisability (3/ 9)

Induction

on Sequents

DA



Linear Realisability (4/ 9)

Induction

on Sequents

DA



Linear Realisability (5/ 9)

Induction

on Sequents

< Well Known

«O» 4Fr «=r « =)

DA



Linear Realisability (6/ 9)

Induction

on Sequents

< Well Known

Quotient up—to—commutation

«O» 4Fr «=r « =)

DA



Linear Realisability (7/ 9)
Eqquiped with Rewriting

Induction

on Sequents

< Well Known

Quotient up—to—commutation

<o

AEF>r « >

DA



Linear Realisability (8/ 9)
Eqquiped with Rewriting

Induction

on Sequents

Extends Cut Elimination

< Well Known

Quotient up—to—commutation

DA



Linear Realisability (9/ 9)
Eqquiped with Rewriting

Induction

on Sequents

Extends Cut Elimination

Isomorphism

< Well Known

Quotient up—to—commutation

DA



|V — Realisability for Linear Logic

Current Results



Our results

We obtained adequacy and completeness results;
Theorem. (Adequacy). For any interpretation basis B, any sequent I’;
StI=Sels.

Theorem. (Completeness). S e (gllMlMg = S+T.



How to obtain a completeness result
for MLL5?



V — Nets for MLL»>

Directed Hypergraphs



2

Set of Vertices
Alabellingmap ¢ : E — L
Set of Edges

A source map src : E — 7’< (V)
associates to each edge its sequence of sowrces

A target map tgt : E — P (V)
associates to each edge its sequence of targets



(V4, Eq,srcq,1gty, £4) + (Vo, Eo, srep, tgto, £2)

A

(V1 U Vo, Ey W Ep, srcqy W sreo, tgty Wigly, €4 W £o)

Vertices may overlap! l

Rename if necessary



Hyperedge/Link notation (1/ 6)



Hyperedge/Link notation (2/ 6)

<a1 ----- an >C b1 ----- bk> é ({a1 ..... an, b1 aaaa bn}’ {e}’ Src’ tgt’ g)



Hyperedge/Link notation (3/ 6)

<a1 ----- an >C b1 ----- bk> é ({a1 ..... an, b1 aaaa bn}’ {e}’ Src’ tgt’ g)



Hyperedge/Link notation (4/ 6)

<a1 ----- an >C b1 ----- bk> é ({a1 ..... an, b1 aaaa bn}’ {e}’ Src’ tgt’ g)



Hyperedge/Link notation (5/ 6)

<a1 ----- an >C b1 ----- bk> é ({a1 ..... an, b1 ’’’’ bn}’ {e}’ Src’ tgt’ g)



Hyperedge/Link notation (6/ 6)

b1 ----- bk> é ({a1 ..... an, b1 """ bn}’ {e}’ Src’ tgt’ g)

Represented as >G~<



Describing hypergraphs (1/ 4)

(a,b », c,d)



Describing hypergraphs (2/ 4)

(a,b >, c,d)
+
(d >3 b,e)



Describing hypergraphs (3/ 4)

<a>b >(l C7 d>
=+

(d »3 b,e)
+

(@,cry)

a

N



Describing hypergraphs (4/ 4)

(»5 b)

(a,b », c.d) a b
<d >ﬁ+b’e> \p< \
+
(a,c>y )



Properties of hypergraphs

Given H = (V, E, src, tgt, £)

tgt(H)

1>

UeeE tgt(e)
tgt(H)

UeeE tgt(e)

Labelset = {4, cut, ®, %, Y, 3}




Modular hypergraph (1/ 8)

(a,b », c,d)
+
(d »3 b,e)
+
(a,c>y )

+

(»5 b)

a

v
~
A



Modular hypergraph (2/ 8)

not source disjoint

(a,b », c,d)
+
(d »5 b, €)
+
(a,c >y )

+
(»s b)

g

- -q

N



Modular hypergraph (3/ 8)

(a,b », c,d)
+
(d »g b,e)
+
(a*,cvy )

+

(»5 b)



Modular hypergraph (4/ 8)

not target d|310|nt

(abmcd)
<d>ﬁbe)

e : d\/'”\

(»s b)



Modular hypergraph (5/ 8)

(a,b », c,d)
+
(d »g b*,e)
+
(a*,cvy )

+

(»5 b)

a* a

? X
Y
o



Modular hypergraph (6/ 8)

not target—surjective

(ab»acd>
<d>ﬁb*e> \(W<
(a*, C>>

<‘>6 b)



Modular hypergraph (7/ 8)

(a,b », c,d)
+

(d »g b*,€)
+

(a*,cvy )
+
(»s b)

+

(rsa,ar)



Modular hypergraph (8/ 8)

(a,b », c,d)
+
(d »g b*,e)
+
(a*,c >y )
+
(»s b)

+
(psa,a®)

('m\' ?
a* a b
c d



V — Nets for MLL»>

Generating the set of nets



H module £ modular and sum of the links below
‘H net = module + target—surjective

—8—~ a a
ai-.- ap \mj
(at,...,anmu) (a1, az>cut)
a1 ao a as a a
a a b b

(ay,a2vg @) (ay,azrz a) (avy b) (ar3b)



H module £ modular and sum of the links below
H net 2 module + target—surjective

8~ ar  a
8- 8n A c.i 4
(@, ..., anmw) (at, az>cut)
ai ar a1 as

l |

a a
(a1, az>g a) (ay,axvz @) (avy b)

b

T

i

(ar3b)

In an Untyped Setting this is not satisfying



V — Nets for MLL»>

Proof nets: translating proofs to untyped nets



Translation (1/ 3)

cut

(9]

-1

P1

(741

Pn

[z21



Translation (2/ 3)

A, B, T (8] ! ! !
_ —
AXB,T pr P2 -+ Pn
p
- W ﬂzﬂ 711 721
A B,A I l I '



Translation (3/ 3)

J

AX < BLT

XA, T

J

AX <« 2T

VXA, T

[zl
o | !
pi - Pn
y
o
[0l
R !



V — Nets for MLL»>

Cut elimination



Untyped Cut Elimination (1/3)

T N ek

Pi---Pn Po Qo g1--- Gk
P P2 ai Q-
p q

-

AT

P+ Pn Qi Gk

P1 P2 ai



Untyped Cut Elimination (2/3)

a1 Q2
e
pr---Pn P q - pr---
a3 as
Pi---Pn a q - Py
I
Av B

"Pra

A

a

1

p1..

B

.pnB a2

1



Untyped Cut Elimination (3/3)

Po Qo
# é’ Po ol
P q

- \_m_/
Po

T ‘{, I

P1 pn P q - P1 pn P Qo
Po

T % T

p1 pn P q - P1 pn P Qo

No distinction V/3




V — Nets for MLL»>

Limits to the naive untyped approach



Naive untyping (1/ 10)

X Xt

VXX



Naive untyping (2/ 10)

XX, x-

X Xt

VXX



Naive untyping (3/ 10)

VXX, X



Naive untyping (4/ 10)

XXt ]]
VXX, Xt )

X occurs free in context
The (V)-rule is not valid

X Xt

VXX

X, Y
VXX, Y

T

A



Naive untyping (5/ 10)

8 8
X Xt X Y
e I AR Ay
L B - XX, Y
VXX, X ) VXX VXX VXX, )

X doesn’t occur free in context

X occurs free in context The (¥)-rule is

The (V)-rule is not valid



Naive untyping (6/ 10)

Distinct w.r.t. cut-elim

{SiH # {Se}t
o e
X X+ X v
XX :]] _ + ! + ) X.Y f]]
VXX, X ) X I VXX, Y )

X doesn’t occur free in context

X occurs free in context The (¥)-rule is

The (V)-rule is not valid



Naive untyping (7/ 10)

Distinct w.r.t. cut-elim

{Si}t # (S2)t
8 8
X X+ X Y
X, X ”]] + + Xy =
VXX XS = * - VXX, Y ]
’ ) VXX VXX ’ )
X occurs free in context J untype X doesn’t occur free in context
The (¥)-rule is not valid The (V)-rule is
8~
q

p

v
|
r



Naive untyping (8/ 10)

Distinct w.r.t. cut-elim

{Si}t # (S2)t
8 8~
X Xt X Y
X, X H]] + + Xy =
VXX XS = * - VXX, Y ]
’ ) VXX VXX ’ )
X occurs free in context J untype J untype X doesn’t occur free in context
The (V)-rule is not valid The (¥)-rule is
—8— 8
q b

P a
¢
r c



Naive untyping (9/ 10)

Distinct w.r.t. cut-elim

{S1}* # (S}t
o e
X Xt X Y
X, X~ :]] _ + : + ) X.Y f]]
VXX, Xt VXX VXX VXX,Y)

untype X doesn’t occur free in context

i nt
X occurs free in context J untype J The (4)-rule 15

The (¥)-rule is not valid

e a8

a b
c

ﬁ‘—e—b



Naive untyping (10/ 10)

Distinct w.r.t. cut-elim
{Si}* # (S}t

8 8
X Xt X Y
S5 Y Y s
VXX, XS - ” - VXX, Y
: VXX VXX ’ )
X occurs free in context J untype J untype X doesn’t occur free in context
The (¥)-rule is

The (V)-rule is not valid
.
]
Similar w.r.t. cut-elim
{S1}* ={Sa2}*

—8—~ 8~
p q so ; b
c



VI — Typed nets for MLL>

Generating the set of nets



Typed Nets (1/ 4)

9H module = modular and sum of the links below
H net = module + target—surjective

—8— ar  a
ai--- an \m/
<a1 IO ) an"%) <a1 ) a2>CUt>
ai as ai as a a
a a b b
(ar,a2vg @) (a1, az vy a) (avy b) (avr3b)
typed hypergraph H T

H+ typing PR VAR FMLL2 In an Untyped Setting this is not satisfying



Typed Nets (2/ 4)

9H module = modular and sum of the links below
H net = module + target—surjective

(—ﬁ_\' a;:A ap 1At
aj Ay «cc ap:iAp
<a1 LR an"%) <a1 ) a2>CUt>
ay A ap:B ay A ap:B a a
a:AeB a:A%®B b b
(a1, a2vg @) (a1, az>% @) (ary b) (ar3b)
typed hypergraph H T

H+ typing PR VAR FMLL2 In an Untyped Setting this is not satisfying



Typed Nets (3/ 4)

9H module = modular and sum of the links below
H net = module + target—surjective

(—a—\' aj:A ap 1 At
aytAy --- apn:hp \m/
@i, ..., amxu) (a1, azrcut)
ai tA ap:B ay A ap: B a:A
a:A®B a:A%®B b: VXA
(a1, a2rg @) (a1, azvx a) (ary b)

typed hypergraph H
7‘(+ typlng T_: V - TMLLZ

a:A[X < B

¥

b :3XA

(a3 b)



Typed Nets (4/ 4)

9H module = modular and sum of the links below
H net = module + target—surjective

'e &_\ aj A ap At
aj:Ay .- ap:Ap \m/
@i,...,anmxu) (ar, azrcut)
ay i A ax:B ai :A ap:B a:A —— a:A[X < B]
a:A®B a:A%®B b:VXA — b:3IXA
(a1, az2rg @) (a1, azrx a) (ary b) (ar3 b)

typed hypgrgraph L Infinitely many formulas

H+ typing TV o FMLL2 are in such relation!



VI — Typed nets for MLL>

Proof nets



Typed Translation (1/ 3)

A1 ..... An = I—) p1 A o P An
™ W ”ZW [=41 [
[1
LA__A%A cut l ] [



Typed Translation (2/ 3)

”OW [7ol

A,B,T 1 | | |
_ )
A@B,r p1:A p2:B e+ pp:C
p:A®B
”‘W ,QW 1] I72]
A B, A ® |£> IB ]A IB
I',A®B,A [e}] [e/3 P1



Typed Translation (3/ 3)

)

AIX — BLT

XA, T

3

AX 2T

VXA, T

8]
—>

-1
>

[7ol

!

p1 : AIX « B]

v

]

p:aXA

!

pr AIX  Z]

¥

p:VYXA

© Pt

[[7o]l



VI — Typed nets for MLL>

Cut elimination



Typed cut elimination (1/ 3)

Po : AlX « Z] Qo : AL[X < B]
H + + - H[X < B]
YXA q:3XA*
Po:ALX < 2]

FH +  piiA e pniAy piIXA q: XAt —  H[X < B]

Ny’

Po : AL[X « B]

TR

F{  +  piiA e paiAr pivXA q:3xAt —  H[X « B]

e’

Po  A[X < B] Qo :ALX < B]

+

{



Typed cut elimination (2/ 3)

Expensive in time!
The rules are not local anymore!

Po: AIX « 2] Go : AL[X « B]
+ é' o AIX < B] Go : AIX « B]

H + - \H[X < B] +
VXA q:3XA*
po AL[X « 2]
\ I
K—QT—\ ! p1---Pn P (ol
F{ +  piiA e paiAr piIXA q: VXA - H[X<B] + \m/
Po : AL[X — B]
R
K—ﬁf_\ Pt1---pn P Jo

H +  piiA - pniAn piVXA q:3IXAL g ‘7‘{[X<—B]

N’

{



Typed cut elimination (3/ 3)

Expensive in time!
The rules are not local anymore!

Po  AX « 2] o : A[X « B]

+ %' poiAIX < Bl qo:AYX 8]
H o+ S \HIX Bl + gy

VXA q:3xAt

Po  ALIX « 2]
\ R
T ! pP1---Pn P Jo
F{ +  piiA e piAr piIXA q: VXA - H[X<B] + \m/

b

hat is the instantiated formula B?

po i AL[X — B]

e YR %, pi---pn P o
H +  piiA e paiAn pIVXA g:axal - H[X<B] + \m/

N’



VI — Typed nets for MLL>

The complexity of typed cut elimination: non—locality



Typed cut—elimination is not local (1/ 3)

O e ¢
Aq Ax By By C
e R

v v

As ® By VYB, ENeY

A1 3 (A2 ® By)



Typed cut—elimination is not local (2/ 3)

VR VR ¢

ALY « C] AslY « C] Bi[Y < C] By[Y « C] ClY « C]
Ay ® Bi[Y < C]

A1 B (A2 ® B)[Y « C]



Typed cut—elimination is not local (3/ 3)

VR VR ¢

A1lY < C] AslY « C] Bi[Y « C] BolY « C] ClY < (]

ey

A®B1[Y « C]

This requires the computation

Ay 73 (Ag ®By)[Y « C] of #V substitutions!



VI — Typed nets for MLL>

The complexity of typed cut elimination: iterated substitutions



Complexity of substitution (1/ 8)

#S = number of links in the net S
#xA = number of occurence of the p.v. X in the formula A

Proposition.  (in MLL)
S > S = #S>#S



Complexity of substitution (2/ 8)

#S = number of links in the net S
#xA = number of occurence of the p.v. X in the formula A

Proposition.  (inMLL) MLL normalization
=

S— 8 = #S>#S takes linear time



Complexity of substitution (3/ 8)

#S = number of links in the net S
#xA = number of occurence of the p.v. X in the formula A

Proposition.  (in MLL) Proposition. (in MLL2)

MLL normalization
S5 S o #S > #S' = takes linear time S8 = #5>#S



Complexity of substitution (4/ 8)

#S = number of links in the net S
#xA = number of occurence of the p.v. X in the formula A

Proposition.  (in MLL) Proposition. (in MLL2)

MLL normalization MLL2 normalization
S S = #S > #S' = takes linear time S S = #5 > #S' ¥ takes linear time



Complexity of substitution (5/ 8)

#S = number of links in the net S
#xA = number of occurence of the p.v. X in the formula A

Proposition.  (in MLL) MLL normalization
=

S — S = #S>#S takes linear time

Proposition.  (in MLL2)
S5 S = #S>#S

EN

MLL2 normalization
takes linear time



Complexity of substitution (6/ 8)

#S = number of links in the net S
#xA = number of occurence of the p.v. X in the formula A

Proposition.  (in MLL) MLL normalization
=

S — S = #S>#S takes linear time

Proposition.  (in MLL2)
S5 S = #S>#S

EN

in MLL2 types need to be computed
during cut elimination

MLL2 normalization
takes linear time



Complexity of substitution (7/ 8)

#S = number of links in the net S
#xA = number of occurence of the p.v. X in the formula A

Proposition.  (in MLL) Proposition. (in MLL2)

MLL normalization MLL2 normalization
S S = #S > #S' = takes linear time S S = #5 > #S' #  takes linear time

Proposition.
#y(A[X < B]) 2 #x(A) * #y(B)

in MLL2 types need to be computed
during cut elimination



Complexity of substitution (8/ 8)

#S = number of links in the net S
#xA = number of occurence of the p.v. X in the formula A

Proposition.  (in MLL) Proposition. (in MLL2)

MLL normalization MLL2 normalization
= S

S S = #S > #S’ takes linear time S S = #S > #S’ takes linear time

Proposition.
#y(A[X < B]) 2 #x(A) * #y(B)

in MLL2 types need to be computed Iterating substitutions = Iterate multiplications
during cut elimination . . .
computing types is of complexity



VII — Nets with pointers for MLL>

Nets with pointers



Nets with pointers (1/ 8)
pointers 2 (a—->yb)y (a—-3b) (a ayby b)



Nets with pointers (2/ 8)

pointers (a—>y b) <(a—o3b) (a ayby b)

>

Net with pointers = Net

anet H —@~, 9
(a,b », c,d) a- a b
+ 3
(d »3 b*,e)
+ v
(@*,cey) c 4
+
(5 b) S
+
(»sa,ar) /W\



Nets with pointers (3/ 8)

pointers 2 (a—->»yb) <(a—3b) (a ‘ayby b)
Net with pointers Net + pointers
anetH O 9
(a,b », c,d) pointers P a* a b
+ E|
(d »g b, €) +
+ v
a,c
( >y ) c d

(>3 b) //‘L\

+
bs a,a"
(»s ) b o



Nets with pointers (4/ 8)

pointers

Net with pointers

anet H
(a,b », c,d)

+
(d »g b, €) +
+
(a*,cvy )
+
(»5 b)

+
(rsa,ar)

£ (@a—vb) (a—3b) (a <ayby b)

|>

Net + pointers

target—disjoint
source—disjoint

i 7
pointers P a* a b
E|
v
¢ d



Nets with pointers (5/ 8)

pointers

Net with pointers

anet H
(a,b », c,d)

+
(d »g b, €) +
+
(a*,cvy )
+
(»5 b)

+
(rsa,ar)

£ (@—-vyb)y (a—-3b) (a fav-by b)
= Net + pointers
target—d?sjoint no res;ictions
source—disjoint
9
(ﬂ\ 1
pointers P a* a b
E|
v
¢ d
b* e



Nets with pointers (6/ 8)

pointers

Net with pointers

anet H
(a,b », c,d)

+
(d »g b, €) +
+
(a*,cvy )
+
(»5 b)

+
(rsa,ar)

£ (@a—vb) (a—3b) (a <ayby b)

|>

Net + pointers

target—disjoint no restrictions

source—disjoint

— v

a* a b
W 3
I |
/i
b* e

pointers P
(@—-v )



Nets with pointers (7/ 8)

pointers

Net with pointers

anet H
(a,b », c,d)

+
(d »g b, €) +
+
(a*,cvy )
+
(»5 b)

+
(rsa,ar)

£ (@a—vb) (a—3b) (a <ayby b)

|>

Net + pointers

target—disjoint no restrictions

source—disjoint

VLN }
pointers P a* a b
(a -y c) E
+
(b* =3 ¢)
c d



Nets with pointers (8/ 8)

pointers

Net with pointers

anet H
(a,b », c,d)

+
(d »g b, €) +
+
(a*,cvy )
+
(»5 b)

+
(rsa,ar)

£ (@a—vb) (a—3b) (a <ayby b)

|>

Net + pointers

~

target—disjoint no restrictions

source—disjoint

VLN }
pointers P a* a b
(a -y c) J
+
(b* -3 ¢)
+ c
(b* —1 b) d



Links for MLL, nets

H module 2 modular and sum of the links below
H net £ module + target—surjective
‘H net with pointers = net + pointers link

8~ ay a
@ an \ap’
ai,...,an> aq, as>, Qrt position
(a4 NP> (ay, azrcut) pfor%o ot
a ao a ao a / a
O G Sl o
a a b b

(ay,a2vg a) (ay,azvzy a) (a,s»>y b) (a,s»3b)



VII — Nets with pointers for MLL>

Localized sequent calculus



Localized sequent calculus

XA+ T yAA
Y cut

x1‘A1,...,Xn‘An r,A

x-A,y-B,T XA, yB,A
ks
p-ANB,T PA®B,IA

I, pA I, pA[X1,...,X, <« B]
—_— v
I, qvVXpA ! I gdXpA[Xy,..., X, < X]




VII — Nets with pointers for MLL>

Proof nets



ﬂoﬂ 7o
X1. .o Xn

p1A, T I l |
E| —
pIXp1A[X1,...,Xn « X],T p1 - P

KOW 7ol
1 Yn

p1A,T Il | |
pYXpA T M ] AR

?— S occurences of X



VII — Nets with pointers for MLL>

Cut elimination



Cut elimination with pointers (1/ 6)

The rules are local again —
Po % \
+— t 4}- s R ®
N
’ ] [’\ %

S1--- 82
W Sqy.--Sp

po:ALX 2]

K—ﬂf_\ + pPt1---pn P Jo
FH{ +  piiAL e pniAn piIXA q: VXAt — H[X<B] + \m/

What is the instantiated formula B?

Po t AL[X — B]

e Y ﬁ, pir---Pn P o
FH 4 piiA e pniAn pIVXA q: XAt — H[X<B] + a—



Cut elimination with pointers (2/ 6)

The rules are local again —
Po % \
+— t 4}- s R ®
N
’ ] [’\ %

S1--- 82
W Sqy.--Sp

po:ALX 2]

K—ﬂf_\ + pPt1---pn P Jo
FH{ +  piiAL e pniAn piIXA q: VXAt — H[X<B] + \m/

What is the instantiated formula B?

Po t AL[X — B]

e Y ﬁ, pir---Pn P o
FH 4 piiA e pniAn pIVXA q: XAt — H[X<B] + a—



Cut elimination with pointers (3/ 6)

The rules are local again —
Po % \
+— t 4}- s R
N
’ ] [’\ %

S1--- 82
W Sqy.--Sp

Po
Y + pi---pPn P d

H + P / P q — H[X<B] + \m/
St-++Sn EWhat is the instantiated formula B?

Po t AL[X — B]

e Y ﬁ, pir---Pn P o
FH 4 piiA e pniAn pIVXA q: XAt — H[X<B] + a—



Cut elimination with pointers (4/ 6)

The rules are local again —
Po % \
+— t ér— s R
N
’ ] ]”\ t&%

/ N’ Sot L Sk
L : chose any subsets of ports

FH{ 4+ piiA cee pniAn pivXA q:IxAL — H[X<B] + \m/



Cut elimination with pointers (5/ 6)

The rules are local again '\—\

YT

\m/ Sq--- Sp

Ve Y % t
] /p /
S1-78
o i AL[X < B]
FH 4 piiA e pniAr pIVXA q:IxAL —

—

HIX « B]

+

So1 -+
chose any subsets of ports

Sak



Cut elimination with pointers (6/ 6)

The rules are local again —
Po @ \
+— t &- s o
' -
v a [\ :

S1--- 82
\-G!l!/ S{--- S

90
t
K_&f_\ P1---pPn P Qo
pPr e Pn p q
/ \m/ Sg1 -+ Sgk
Sq-7-8p chose any subsets of ports



Conclusion



Conclusion (1/ 3)

Eqquiped with Rewriting

Induction

on Sequents

Extends Cut Elimination

Isomorphism

T~

Quotient up—to—commutation

«O» <« F»

DA



Conclusion (2/ 3)

Eqquiped with Rewriting

Induction

on Sequents

Extends Cut Elimination

T~

Quotient up—to—commutation

«O» «F»r» «Z)» <

DA



Conclusion (3/ 3)

Induction

on Sequents

Extends Cut Elimination

T~

Quotient up—to—commutation

«O» <« F»

DA



Thank You



