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Abstract

In this note, we present the Au—calculus of Parigot [Par92a], we follow the original paper of Parigot,
that we seek to decompose in more explicit substeps. The first step we take is analyzing the classical
sequent calculus LK in order to exhibit a minimal proof system that we call LKm equivalent to LK. In
a second time, we show how the proofs in LKm can be mapped to the proofs in the deductive system
NK. NK is the classical natural deduction system and was also introduced by Parigot, based on its
earlier work on free deduction [Par92b]. To obtain a calculus we must then introduce a notion of named
sequents obtaining the sequent calculus NK, equivalent to NK (and so to LK), such that each proofs
correspond to a term of the Au—calculus. To exhibit the "Curry—Howard correspondence" we must then
construct an invertible map from NK, proofs to simply typable Au—terms (where variables are typed
’a la Church’), such that the reductions are preserved by the map. To show this we prove that the notion
of substitution in the Au—calculus and NK, proofs are compatible with the constructed invertible map,
this is the key that allow to conclude the correspondence, this is heavily related to the definition of
substitution, the proof is easy but require many cases for the induction.
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Introduction

The notion of proof is central to mathematics and hence to logic. In the beginning of the 20th century,
mathematicians have been proposing various notions of formal proofs, thus making the notion of proof
a mathematical concept that could be studied by mathematicians. Chronologically, the three notion of
formal proofs that have been standing out are the Hilbert style deduction system due to David Hilbert, the
natural deduction and the sequent calculus both due to Gerhard Gentzen (introduced in the early 1930’s).

In parallel to the discoveries of these logicians, still in the 1930’s, Alonzo Church introduces the A—
calculus a formal system able to effectively describe the calculable functions. While in 1936, Alan Turing



invents the notion that is today known as Turing Machine’s. These events can be seen as foundational
works leading to the birth of computer science, and research in computation will continue from there.

At this point the links between the notion of formal proof and the one of program is not obvious. Yet
years later, in 1958, Curry establishes a correspondence between the notion of proofs from a Hilbert style
deduction systems and terms (i.e. programs) from combinational logic. A decade later in 1969, Howard
also notices a correspondence, similar to the one exhibited by Curry: the proofs of intuitionistic natural
deduction correspond to the terms of the simply typed A—calculus. These two results are known as the
Curry—Howard correspondence and state that the notion of formal proof and program are the same (in these
specific contest). Since, mathematicians and informaticians have been looking at other correspondence of
the sort. For instance Girard and Reynolds introduced indenpendantly the system F in 1972 and 1974, and
it has been shown that the System F corresponds to the fragment of second-order intuitionistic minimal
logic. A natural question though that was still unanswered was wether such a correspondence existed
for classical logic. This remain unanswered until the early nineties, but the answer was positive, such
a correspondence exists and is obtained by adding to the regular A—calculus a notion of control operator
(similar to the call/cc scheme) corresponding to double negation elimination [Par92a; Gri89].

The goal of this note is to expose this correspondence, between the proofs from classical logic and
the Au—calculus. We follow the approach proposed by Parigot [Par92a], as it is the most widely used, but
beware that there exists others [Gri89; FH92]. The first step to take is to construct a natural deduction
for classical logic, this is the key to obtain the correspondence as it is known that the proof—program
correspondence behaves better with natural deduction than with sequent calculus. To do so we exhibit
a fragment of the classical sequent calculus able to simulate the whole fragment, we call it the minimal
fragment, then we define and establish the bisimilarity of this fragment with the classical natural deduction.
Once we have obtained this classical natural deduction, we modify it with a notion of names that allows us
to simulate the structural rules on the right side of the sequent. It is key since we know that in intuitionistic
logic the structural rules cannot happen on the right side of the sequent (although they are permitted on the
left), also, the falsehood constant L may not be introduced on the right side of a sequent in intuitionistic
logic. From this classical natural deduction with names we construct the Au—calculus. Finally, we show
that the Au—terms i.e. programs can be mapped to the proofs of the deductive system we have constructed,
and that this can be done by an invertible map. But also, we show that the notions of reduction in the
Ap—calculus and in classical natural deduction coincide and are preserved by the map. Thus, we exhibit a
Curry—-Howard correspondence.

The goal of this note is to explicit the technical details needed to construct the correspondence, we
follow mainly the work of Parigot [Par92a]. Although we exhibit the equivalences between the proofs
system, and construct the correspondence using a typing ’a la Church’ so that our map is invertible (as
does J.Y. Girard in Proofs and Types [GTL89]). Also we consider special symbol to indicate y—abstraction
that bind a name that does not occur in a term (i.e. correspond to a weakening), this is needed for us to
construct an invertible map and thus having a so—called isomorphism.

In the first subsection we recall notions from first order logic, and present some simple lemma’s that
will be our tools to show that two sequent calculus are equivalent.



1 Natural Deduction for Classical logic

1.1 First order classical logic, deductive systems and their equivalences

The goal of this section is to explicit a subfragment of LK, that we will denote LKm, which is equivalent
to LK. We recall basic notions from first order classical logic.

Definition 1.1 (Signature). A first order signature is a tuple X = (Zy, ¢, (Z.)ien, (2 )ien) such that:
* Yy is a set of elements which are called variables. We will make variables range over x, y, z, . . ..
e X is a set of elements called constants. We make constants range over ¢, d, e, . . ..
» Given an integer 7, Z; is a set of symbols which are called function of arity i.
* Given an integer i, X} is a set of symbols which are called relation of arity i.

Definition 1.2 (Terms over a signature ). Given a signature X we define the ¥—terms, or terms over X by
the following grammar:

ti=xe€Xy | ceXc | f(t,....ty) (feZi)

Along this section we know assume we are given a set of propositional variables # and a first order
signature £ = (Zy, Zc, (Zf)ien, (Zi)ien)-

Definition 1.3 (Formula). The formula’s of classical logic are defined inductively by the following
grammar, We denote the set of formula’s as 7.

F.G=Xe® | R(,...t,) | FVG | FAG | F—->G | =F | Vx.F | 3x.F
Where ¢4, ..., t,, are Z—terms.

Definition 1.4 (Substitutions, in terms and formula’s). Inductively we define the substitution operation in
2—term t, the substitution replaces a variable x € ¢ by some 2—term. So given two terms ¢ and u and a
variable x, t[x/u] is defined inductively as follow:

e If ¢t is a variable, x[x/u] = u and y[x/u] = y.

e If 7 is a constant c[x/u] = c.

¢ The inductive step is f(¢1, ..., 1) [x/u] = f(t1[x/u], ..., tn[x/u])
Similarly given a formula A, we define inductively the substitution A[¢/x]:

* In the base cases X[¢/x] = X and R(¢y, ..., t,)[t/x] = R(t1[t/x], ..., ta[2/x])

* In the inductive cases we have (F V G)[t/x] = F[t/x] Vv G[t/x], (F AG)[t/x] = F[t/x] A

Glt/x], (=F)[t/x]==F[t/x], (Vx.F)[t/x] =Vx.F[t/x], (3x.F)[t/x]=3x.F[t/x]

Notation. Given a set X, we denote by £ (X) the set of its parts.

Definition 1.5 (Relation, equivalence, compatibility and closures). A binary relation R over a set X (or
merely relation if there is no ambiguity) is a subset of the cartesian product X2. Then given two points
x,y of X, we denote xRy for (x,y) € R.

Given a relation R over a set X

¢ The relation R is reflexive if for any x € X, xRx.

e R is symmetric if for any x,y € X, xRy implies yRx.

e R is transitive is for any x, y, z in X, if xRy while yRz then xRz.

* A relation R is said to be an equivalence relation, if it is reflexive, transitive and symmetric.



Definition 1.6 (Multiset, support, size, representation, sequents). A multiset of a set X is a function
I' : X — N. Given a sequence s = (xy, ..., x,) of elements of X the associated multiset of s is the function
[s] : X — N defined as the map x +— card{i € N|x; = x}.

Given a multiset I" on X,

¢ The support of T is the set Supp(I') = {x € X|I'(x) # 0}.

* The size of I is the cardinal of its support Sup p(I').

* We call representation of I" any sequence s of elements of X, such that its associated multiset is I".

¢ A sequent is a pair of multisets (I", A), written as " + A.

+ We will denote the set of multisets over X by N¥, and the set of sequents over X by (NX)2,
We may denote a sequent I" as one of its representation Ay, ..., A,, this is an abuse of notation but in the
case of classical logic it does not have too much consequences since this logic is commutative.

Definition 1.7 (deduction rule, axiom, compatibility with an equivalence, sequent calculus). A deduction
rule or simply rule of arity k € N is a partial function that maps k sequents to one sequent.

* A rule of arity 0 is called an axiom.

* A sequent calculus is a finite set of deduction rules.

Definition 1.8 (Deduction and proofs). Given a sequent calculus SC A deductionin the calculus SC is a
tree (i.e. a partially ordered set , but more precisely is a labelled tree) T = (V, <, £) such that,
« The vertices are labelled by sequent, i.e. £ : V — (NX)2,
* The relation < is defined as follow: two sequents Sy and S; are such that Sy < Sy, if there exists
S, ..., Sk sequent and a rule of arity k, such that; » maps S, ..., Sx to So, and, the only successors
of § are the sequents S, ..., Sy i.e. succ(So) = {S1, .-, Sk }-
The conclusion of a deduction is the sequent labelling the root of the tree.
A proof is a deduction such that for each leaf of the tree n there exists an axiom mapping (@ to the label
of the leafi.e. £(n).

Definition 1.9 (compatibility and equivalent multisets, sequents, and deductions). Given an equivalence
R on formula’s. Two representations of two multisets I' and A are R—equivalent if, I" and A are of the
same size k and for each 1 < i < k we have I'(i)) RA().

We lift the definition of R—equivalent multisets to sequents and proofs, and define the notion of

compatibility.

* Two sequents I + A and X + IT are R equivalent if,

— I'and X are R—equivalent while
— A and IT are R—equivalent.
* Two deductions are R—equivalent if
— Their conclusions (they are sequents) are R—equivalent.
— their proper leaves (leaves that are not simultaneously roots) are in bijection by means of a
map commuting with the label function. i.e. there is a bijection ¢ : leaf (D) — leaf(D’)
such that ¢(£(n)) = €(p(n)) for any n € leaf (D).

* A deduction rule is compatible with an equivalence relation R on formula’s if, given some sequents
(S1,...,Sk) and some R—equivalent sequence of sequents (S’, ...,S]’(), if r maps (S, ...,Sk) to a
sequent S then r also maps (57, ..., S} ) to a sequent S” such that SRS’.

* A sequent calculus is compatible with an equivalence relation R if all of its rules are.

Definition 1.10 (Simulation and equivalence of sequent calculus). Given two sequent calculus S; and S,
and an equivalence relation R on formula’s.
¢ The sequent calculus S, simulates the calculus S| modulo the relation R, if for each deduction
in S| of a sequent S there exists a R—equivalent deduction 75 in S;. In this case we write S| Sg S».
e If two calculus S; and S, simulate one another modulo R, we say they are R—equivalent, which we
denote by S| ~g S».



* A sequent calculus S; simulates a sequent calculus S, in the presence of a set of rules S w.r.t. an
equivalence R, if S; U S simulates S, U S w.r.t. R.

Lemma 1.1. Given a sequent calculus S compatible with an equivalence R on formula’s, and a derivation
D from k sequents (S, ..., Sk) to a sequent S.

For any sequents (87, ..., S;)R(S1, ..., Sk) D is a derivation from (S, ...,S}) to a sequent S', such
that SRS’.

Proof. We do so by induction on 9. Assume the derivation is of length one, then we have two cases;

* D is an identity from S to S, then it is also an identity from S’ to S’ with SRS’.
* D is the result of a rule of arity O, then r maps to S, but since S is compatible with R r also maps
to §” with S’RS.

In the induction case we have D of the following form:

Now applying the induction hypothesis on the sub—derivations 9; for each i we show that D is a
derivation of R/RR; for R equivalent hypothesis.

St Sk
R;

From there noticing that the sequent calculus is R compatible, and that for each i we have R;RR’, we
conclude that the sequent S’ obtained by the application of the rule r on 7, ..., §; —1i.e. obtained by the
following rule — must be R equivalent to S.

A Sk
S/
From there we can obtain the derivation.
sto.os) AP Yot
R ... Ry
% :

O

Lemma 1.2 (Simulation lemma). Given two sequent calculus S and S, compatible with an equivalence
R.

S, simulates Sy, if and only if, for any rule r of arity k in S| mapping (Si, ..., Sk) to S there exists in
S, a deduction D, from (S, ...,Sy) to S’, such that SRS’.



Proof. 1 = 2. 1Itis clear that if S, simulates S; since rules are particular deductions, each rules of S can
be simulated by some deduction of S, with the same hypothesis.

2 = 1. On the other hand assume each rule of S| can be simulated by a deduction in S;. Consider
then 7 a deduction in S;. We show the simulation of 7 by induction.
If  is made of only one root. Two cases may occur:

* 7 is a deduction from a sequent S to itself. In that case the same deduction is a deduction from S to
itself in S,.

* 7 is a proof of a sequent S by applying an axiom. In that case we apply the hypothesis on the rule
of arity 0, obtaining a proof D of §’RS in S;.
Then by induction 7 is of the following form:

N N

St Sk
r
S
We can apply the induction hypothesis on each sub—derivation ry, ..., 7x, obtain derivations x|, ..., 7,
of conclusions (S;, s S;{)R(Sl, s SE).

Then applying the hypothesis of simulation for the rule r we are given a derivation O, mapping
S, ..., Sk to a sequent S'RS.

But now we call the previous lemma on the sequent calculus S», and deduce that D, is also a derivation
from (S7, ..., 8;) to SRS’ (and so S”’RS). Therefore we construct the wanted derivation.

S//

Noticing that 7’ has an equivalent conclusion as 7z, and the same hypotheses, we have shown by
induction that each derivation in S; can be simulated in S,.

[m]

Definition 1.11 (Equivalence and compatible closure). A relation is compatible with the grammar of
formula’s if and only if, given two formula’s A and B such that ARB we have

e Vx.ARVx.B, 3x.AR3x.B and =AR-B

e GivenaformulaC,AVCRBVC,ANCRBACand A — CRB —» C

We have also notions of closure

* The equivalence closure of a relation R is the smallest ! equivalence relation containing R.

* The compatible closure of a relation R on formula’s is the smallest compatible relation containing

R.

NB. The notion of compatible relation can be generalized to any grammar, and so a notion of compatible
relation with a grammar exists. This is also true for the notion of compatible closure then.

lin the sense of the subset, i.e. in the ordered structured (P (X?2), C), since a relation is an element of P (X?2)
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Figure 1: Classical sequent calculus LK

1.2 A minimal proof system for classical logic

The goal of this section is to exhibit a minimal proof system for classical logic. We give the full
sequent calculus for classical logic in figure 1. We will use the results of the previous section to show the
equivalence between fragments of classical logic. Our relation of equivalence will be usual translations like
the one of de Morgan. A preliminary result we need is to show that LK is compatible with our equivalence
relations, since each of the equivalence considered are compatible closures and that the sequent calculus
LK has the sub—formula property, this ensure that LK is compatible with the equivalences with consider.

Definition 1.12 (The De Morgan translation). We define the De Morgan translation as the compatible and
equivalence closure of the following relation:

. AVBE—|(—|A/\—|B)

. A/\BEﬁ(ﬂAVﬂB)

e dxA =-Vx—A

* VxA = -Ix-A

e L =T

e T=-1

First we want to point out that some rules of LK are obviously redundant: this is the case for the
constants rules LR and TL, both of these rules can be simulated using respectively the right and left
weakening rules.

We define as the fragment of LK consisting of all its rules expect the left structural rules. We define
LKm as the rules of LK such that the logical rules are restricted to the constants, negation, and implication
rules and the structural rules are restricted to the right side. And LKm* as the rules of LK restricted
to constants, implication rules, right structural rules, quantifiers rules, axiom and cut. i.e. We define
LKm = {ax,cut - R,— L,-R,-R,YR,VYL, 1R, LL,wR,cR,exR} and LKm* = {ax,cut —» R,—
L,YR,YL, 1R, LL,wR,cR,exR}

Proposition 1.1 (Bisimilar fragments up to de Morgan translation in the presence of the negation). We
have the following relations between fragments of LK.



1. {wR,cR,exR,-L,—R} and {wL,cL,exL,-L,-R} are bisimilar.

2. {AR,AL1,AL2,~L,~R} and {VL,VR1,VR2,~L,~R} are bisimilar up to the de Morgan transla-
tion.

3. {VL,YR,-R} and {3R, 3L, -L, R} are bisimilar up to de Morgan translation.

4. {TR, TL,—-L,~R} and {LR, LL,~L,~R} are bisimilar up to de Morgan translation.

Proof. 1. Note that the left (resp. right) structural rules can simulate the right (resp. left) structural
rules. This is possible using the left and right negation rules. Here we show only how to simulate the
right structural fragment with left one, but the other direction is perfectly symmetric.

T'rFAAA I'tAA BT
A ————— -Lx2 ——————————— -Lxn
A wL I'FAAA IL-A,-A+A 't A A, B, 1T I,-IL,-B,-AFA
— wR - I,-ArA ——  cR (=g cL exR —————— exL
I'rAA -R I'rAA Ir-ArA I't A B,ATT I,-I1,-A,-BF A
I'rAA -R —_—  _Rxn
I'rAA I'tA,B,A,II

2. We show how to simulate (up to de Morgan equivalence) the A—fragment with the V—fragment in the
presence of the negation. Like the previous point we only show one direction, as the other direction is
perfectly symmetric.

TLAFA I,BrA T'FAA X+ILB
-R -R -L -L
ILAFA T'FA-A IBrA I'rA-B I'rAA Z+ILB IL-ArA 2, =B+l
—————— ALl [=d VLI AL2 — VL2 AR —
TLAABFA I'rA-AV-B ILAABEA T'rA-AV-B [LE+AILAAB I, -AV-BrATL
e ————) ) - L R e—— 14
I,=(=AV=B) A I,=(=AV=B)rA I,EF AT —~(=AV -B)

3. Now let’s show we can simulate (using de Morgan equivalence) the rules for the 3 quantifier, with
the rules of V quantifier, in the presence of the negation rules. Again we show only one direction of the
simulation.

ILA[y/x] A 't A A[t/x]
_ R - .5 L
IA[y/x] A 'k A, -A[y/x] 'k A,,A[t/x] I,-A[t/x] + A
———— 3L VR a4 - @ —— VL
IIxA+A ' A Vx—A ' A, dxA ILVx—=A+rA
L

T Vi-AFA TFA VoA

4. Finally we show that the rules for the true constant can be simulated by the rules of the false constant,
still in the presence of the negation rules and up to the de Morgan equivalence. Again we only show one
direction of the simulation.

I'rA
— IL I'eA - LR
— TR 1F — 1L > TFAL
FT -R ILTHFA — L
F=l I-1L+rA

O

Each formula of classical logic can be expressed using only the symbols from {—,—,V}. This is a
really useful feat to reduce the number of rules needed for a subfragment to simulate LK. To do so we
must use the arrow translation that we define next.

Definition 1.13 (The arrow translation). The arrow translation is the equivalence and compatible closure
of the following binary relation.

AVB=-A—-B=-B— A AANB=-(A— -B)=-(B— —A)



Proposition 1.2. We have the following simulation relations with respect to the equivalence relation that
is the arrow translation.
e {VL,VR1,VR2} and {— L, — R} are bisimilar up to the arrow translation, in the presence of the
rules {wR, cR,exR,-L,-R} .
* {AR,AL1,AL2} and {— L,— R} are bisimilar up to the arrow translation in the presence of the
rules {wR, cR,exR,—L,-R}.

Proof. 1. Let’s simulate the rules of the V—fragment using the rules of implication and the structural
rules.

I'tAA
IArFA ———— wR
INNA+A Z,B+11 — R I'rAA I'rAA B
— v > T'+FA-A X,B+11 ——————— VRI ——-L
I, AVBrAI —L I'rAAVB IL-ArAB

I,Z,-A— BrAITl —— R
I'-A,-A—> B

Now we show that the implication rules may be simulated by the rules of the V connective in pair with
the negation and structural rules.

IA+ B, A
—— R
I'rAA I'r-A,B,A
I'rAbA Z,BrI1 — -L I'AF B,A ——————— VR2
— L > [,-AFA X, Br1I —— SR I'r=AVB,B,A
I2,A— BrAIl VL I'tAJA—> B VR1
ILZ,-AVBFAI I'r-AVB,-AV B,A
cR
I'rA,-AVB
2. Let’s simulate the A—fragment with the implication and negation rules. We omit the case for AL2
since it is almost identical to AL1.
IAFA
—wL +ILB
IA,BrFA ——-L
IAFA —— R 't AJA ZrILB I'etAJA %2,-BrI1
—— ALl > I'A+ A, =B ————————————— AR L
ILAABEA —— SR LEZ-AIL,AAB IX,A— -=BrAIl
I'tA,A — =B -R
- L F,ZI—A,H,—!(A—>—|B)
I,—(A—> -B)rA
O
Proposition 1.3. LKm and LK are bisimilar up to de morgan equivalence and arrow translation (i.e. for
the relation corresponding to the closure of their union).
Proof. The proof is kind of straightforward, it is not particularly short but it contains alot of redundancy.
We present it as a derivation of the bisimilation using the previous proposition and reflexivity of the
bisimulation as axioms, then our only deductive rule is the previous proposition stating that if S ~ Q and
R ~T we candeduce SUR~QUT.
C.UNEG ~ C; UNEG """ Qy UNEG ~ Q3 UNEG
IMP USg UNEG ~ ORUSR UNEG ”*” IMPUSg UNEG ~ ANDU Sg UNEG ”*”  Sq UNEG ~ 5, UNEG " C, UQyUNEG ~ C; UQ3 UNEG
IMP U Sg UNEG ~ OR U AND U Sg U NEG © C. UQyUSRUNEG ~ Cr UQ3 US_ UNEG N

IMPUSRUC, UQy UNEG ~ OR U AND U Sg US_ U C+ UQ3 UNEG
IMPUSRUC, UQyUNEG ~ORUANDUIMPUSRUS UC+UC, UQ3UQyUNEG
axUcut UIMP USy UG, UQy UNEG ~ ax Ucut UOR U AND U IMP U'Sp US, UGy UC, U Q3 UQy UNEG “*¢®*"
LKm ~ LK .
Where the rules add(Q) with Q a set of rules, are defined as the following deductions.

add(IMPUC  UQy)

reflexivity

S~T 0~0Q
SUQ~TUQ

prop

u



Definition 1.14 (Negation as implication of falsehood, intuitionistic translation). The intuitionistic trans-
lation =, is the equivalence and syntactical closure of the relation; -A =, A > Land T =, L — L

Proposition 1.4 (Simulation of the negation fragment up to intuitionistic translation). The fragment
{— R,— L, LR, 1L} can simulate the fragment {—=L,—R, TL, TR} up to the intuitionistic translation.

Proof. Let us show that the implication and falsehood fragment can simulate the left and right negation
rules (as well as the T rules). This can be done in the following way.

[LAFA -
IMAFA —— IR I'rAA TrFAA 1F
rra-at 7 DArAd T S S
FA, - - —R » Ak INA—LFA
'rAA— L ’
— 1L I'rA
Lk I'rA — 1L —— 1R
— TR b 1R — 7L > LF T'rA L
T 1rFL ILTHA ————————— =L
— R IL—>L1LFA
FL—> L1

[m]

Proposition 1.5 (LK’s equivalent subfragment). LKm is equivalent to its subfragment LKm®, with respect
to the equivalence relation that is the union of the de Morgan translation, the arrow translation and the
intuitionistic translation.

Proof. Again we will obtain the relation of simulation between the two fragments using derivation rules.
From the previous proposition we will use an axiom, since we proved NEG U C+ < IMP U C; we may
aswell claim NEG < IMP U C, . We will then apply the add rules defined as the following,

reflexivity

TsT $<0
SUT<QUT =

prop
NEG <5 IMPU C
add (IMPUC UaxUcutUSgRUQy)

NEGUIMPUC, UaxUcutUSRUQy < IMPUC, Uax UcutUSg U Qy
LKm < LKm* B

From LKm < LKm* noticing that LKm™ c LKm (i.e. is one of its sub—fragment) it is straightforward
that LKm* c LKm (since each deduction of LKm* is a deduction of LKm). From the two simulation
we conclude the bisimulation LKm ~ LKm* O

At this point we can ensure that the three sequent calculus LK, LKm and LKm*, are equivalent with
respect to the translations.
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AXIOM AND ARROW QUANTIFIER INTRODUCTION FALSEHOOD AND NEGATION
INTRODUCTION AND ELIMINATION RULES AND ELIMINATION RULES INTRODUCTION AND ELIMINATION RULES

ILAFAB I+AA[y/x]  TrAAY/X] [LAFA CrA

ArA“ TrAASB CrAVxA — TrAVXA THA-A FraL™

TFAA>B SHILA [k A VxA [k A VXA FFAA XrII-A  TrAL

S —— Ve Y € e
I+ AILB ¢ CrAAl/x] ~ TrAAT/X] [k A, rra

StrUCTURAL RULES

T'rA I'rAA A I'rAA B, 1II

xR

wR cR e
I'-AA I'rAA I'-AB,ATI

Figure 2: Classical Multiple—Conclusion Natural Deduction NK, it is presented as a sequent calculus.

1.3 Classical Natural Deduction

Proposition 1.6. The sequent calculus LKm is equivalent to the calculus NK (with respect to equality).

Proof. 1. NK < LKm. The introduction rules {ax, —;, —;,V;, L;} of NK are identical to the rules of
LKm {ax, g, —gr,VRr, Lr}. Also, the structural rules of NK are the identical to the structural rules of
LKm. As a consequence, we only have to show that the elimination rules of NK that is {—., —¢, Ve, Le}
can be simulated by LKm.

ax

S -A 5
CHAA SroA T FeAn ZFAi’HﬁL FrA—BA SrAT zribA BrB
rzran < 7 Lf4f =ArT rzrgan ¢ [rAA—B RASBRILE
LEr AT LLrrATLB
Alt/x) v Alt/x] ©
t/x| F t/x
T+ A VxA AU AU ppa L Lo, T
- VY = TFrAVXA VxArA[t/x —le FA, L LF
Tr A Alf/x] /=] TrA e
'k A Aft/x] I'eA

2. LKm < NK. The introduction rules {ax, =;, —;, V;, L; } of NK are identical to the rules of LKm
{ax,-Rr,—>Rr,VR, Lr}. Also, the structural rules of NK are the identical to the structural rules of LKm.
As a consequence, we only have to show that the logical left-hand rules of LKm thatis {-L, —» L,VL, LL}
can be simulated by NK.

Aly/xIF Aly/a]

CFAA CAE =AY T A[t/x] F A
Tead o, TrAA —Ar-A 0 DAWKIPA 0 A Aly/x] F VxA
I-A+rA L-ArA ILVxAFA i Ve

’ '+ A -A[t/x] Aly/x] + Alt/x]

I,VxAF A "
CeAA SBeT ASBrA—B " TrAA SBrI
TR TN ILA>BrAB ¢ svm-B —u o~ 11" o
9 iy s —e le
A — B, 2+ ATl Lir

Proposition 1.7. The sequent calculus NK is equivalent its sub—fragment NK* that consists of NK rules
without the rules of introduction and elimination of negation.

Proof. To do so we must only simulate the introduction and elimination of the negation of NK in NK*.
It is trivial that NK* is simulated by NK as it one of its sub—fragment.
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I'ArA I'tAA 2+ILA—> L
IAFA —_— i I'rAA ZHIL-A —e
_— i IAFA, L —e LX-AIL L
A -A _— LX+ATL —— le
I'rAA—> L e AL

2 the Au—calculus and classical natural deduction with names

2.1 Classical Natural deduction with names

In this section and from now on, we are given a set of names denoted N. It contains a special element
called the empty name denoted €. A name is proper if it is not the empty name. Names are denoted by
greek letters @, 3, . . . .

Definition 2.1 (Named multiset). A named multiset A is a multiset over the product N X 7.
* The support of a named multiset A is the set of proper names « such that, there exists a formula
A # L such that (@, A) occurs in A
* A named multiset is correct is its support is a finished set.
* Similarly we define named multiset over the set of variable V' as multiset over V X ¥ .

Representation of a named sequent. Given a named multiser A (a1, Ay), ..., (an, Ay,), (€, A) we denote
Aasay: Ai,...,a, : A, (A), Where A is the name associated to the empty name €.

The pairs (@, A) are occurring in the sequent in the form @ : A where « is a name and A a classical
formula. A pair @ : A or x : A is called a judgment. If we read it as a function, this denotes the fact that
to the name « the multiset A associate the formula A.

Definition 2.2 (Occurence equivalence). Given I and A two named multisets ranging over N' X ¥. We
say that they are occurence—equivalent if, I'(a : A) # 0 holds if and only if A(a : A) # 0 holds.

NB. Reasoning relatively to occurence equivalence, is the same as using sets instead of multisets.

Definition 2.3 (u—equivalence). Two named multisets I" and A are u—equivalent if, for any formula A # L
we have I'(a : A) =I'(a : A). We denote the relation by I' =, A.

Definition 2.4 (Functional Multiset). We say a multiset is functional if given a name « and a formula A
if the following inequality holds I'(a : A) # O then I'(a : B) = 0O for any formula B that isn’t A.

Definition 2.5 (Translation). Given a multiset I we can translate it into a named multiset (assuming the
set of names to be ordered or the axiom of choice)

Al, ...,An = aq A1, ey (g L An <>

We can also translate any named sequent into a regular one.

ay ALy Ay (A) > A, LA A

Proposition 2.1. The calculus NK is equivalent to NK,,.

12



AXIOM AND ARROW QUANTIFIER INTRODUCTION FALSEHOOD AND NEGATION
INTRODUCTION AND ELIMINATION RULES AND ELIMINATION RULES INTRODUCTION AND ELIMINATION RULES

ILAFA(B) T+A(Aly/x])  TrAA[Y/X]) LLAFA() CrA()

Ar(a)“ Tra(A—B) TrA(VxA)  TrAMVXA) TFA(=A) Traw
I+A(A—B) T+I1(A) T+ A (VxA) T+ A (VXA) TrA(A) SFI(-A)  TrA(L)
[,>r AT (B) - TrAAlx]) © TrA(AIT/X]) LErA() “ TraQ ¢
FocusING RULEs
TFA(A) TrAa:A(A)
name namex
I'rAa:A() TF'rAa:A()
IF'rAa:A() I'rA{)
u uo
TFA(A) TrA(A)

Figure 3: Classical Multiple-Conclusion Natural Deduction with names NK,, (as sequent calculus). It
corresponds to a focused sequent calculus.

Proof. 1. Our first step is to show that NK,, can simulate NK.

I'rAa:AB:A{
kA CHA(Q THAA A u
— — WwR s R > TrAa:A(A)
I'AA 'k A(A) 'FAA —————————— namex
CrAa:A()

2. Now we show that NK can simulate NK,,. To do we mainly have to simulate the naming rules,
this is quite similar to the previous step.

kA 'rA F'rAa:A(A) 'rAAA
—_ u* = —— wR —————————————— namex [and ————¢R
' A{A) 'rAA F'rAa:A) I'rAA
O
Proposition 2.2. In NK,, the rules for falsehood (i.e. 1) are redundant (up to sequent u—equivalency).
Proof. We show the redundancy using the following maps.
A I'rA{ I'kA{L) 'k A{L)
—— ——————— namex — L, = ———— ux
'rA{L) 'rA(L) kA I'rAa: L)
To conclude notice that the sequents I' - A, @ : L;and I' + A; are u—equivalent. O

Proposition 2.3. The rule namex can be simulated by the rules {u, name} up to occurence equivalence.

Proof. The proposition is straightforward, the key point is to see that
* The rules {u, name} are compatible with occurence equivalence.
* the named sequents ' F A,a : A () andI'+ A, @ : A, : A () are occurence equivalent.
Then consider the following translation.
I'rAa:A(A) I'rAa:A(A)

namex = name

IF'rAa:A{ IF'rAa:Aa:A )

O

From the previous proposition we have shown that NK ~ NK,,. And that NK, ~ NK,*. Where
NK, * = {ax, =, —=¢, pt, u@, name}. We will use the subfragment NK,* to develop the Au—calculus in
the next section.
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2.2 Substitution and detour elimination in classical natural deduction

Definition 2.6 (Alive variable occurence). A judgementx : A is alive in a proof  of NK,, if the following
inductive property holds:

e fn=——-— x : Aisalivein r if and only if, (x : A) = (y : Y).
S yif, (x: A)=(y:Y)

[

s Ifr=0,y:Y+A(B) x : Aisalive in & if and only if, (x : A) # (y : Y).
CrA(Y > B)

T yy)
cIfr=TrA(B—-C) XrII(B) x : Ais alive in r if and only if, x : A is alive in 7| or 7,
L2 F A TIL(C) ¢
"ﬂ() ”ﬂ() ”7(()
e If ris of the form T} A (B) , THAB:B{ or TrA( x : Ais alive
————————————_ name ——————Hu —— /1%
I'kAB:B{) I'+t A{B) '+t A(B)

in 7 if and only if, x : A is alive in the subproof 7
An occurence that is not alive will be said to be killed, dead or bounded.

Definition 2.7 (Alive and dead leafs of a proof). We define the set of alive leafs of a proof 7 — that we
denote al(xr) — in a similar fashion, inductively.

e If r=————— ax Denoting n the only node of = we have al(x) = {n}.
y:Y+r(Y)

cIfr=Tx:ArA(B) ' then al(mr) = al(mg) \ {n € L(mp) | €(n) =x: A+ {(A)}
IFA(A—>B)

[~ B

cIfr=T+rA(B—C) Zr+II(B) then al(7r) = al(7r;) U al(my).
[, A TI(C) ¢
[ [ [
 If w is of the form [ A (B) s THAB:B{ or TrA( then simply
————————_—_ hame — M ———_ uD
I'rAB:BY) '+ A(B) '+ A(B)

al(m) = al(m).
A leaf that is not a alive is said to be dead or killed.

Definition 2.8 (Free and bounded occurence). We say that a leaf n is a free occurence of the judgement
x : Aifnislabelled by x : A + (A) and n is alive in 7. On the other hand, We say that a leaf n is a
bounded occurence of the judgement x : A if n is labelled by x : A + (A) and n is not alive in 7.

We say that a judgement x : A is occuring free (resp. bounded) in a proof r if there exists a leaf in 7
that is a free (resp. bounded) occurence of x : A

Proposition 2.4 (Judgement occuring on the left—side of the concluding sequent correspond to free
occurences). If the judgement x : A is occuring free in a proof n in NK,, if and only if, n proves a sequent
of the formT',x : A+ A (B).

Proof. 1 — 2. We prove this proposition by induction on 7.

14



1.

4.

If m is an axiom, the only way to make it so that  contains a free occurence of x : A is that 7 must
be of the following form. In that case 7 indeed proves a sequent of the form I', x : A + A (B), where
I'=A=0and A =B.

n=—-"—"ax
x:Ar (A)

If the last rule of r is the introduciton of the implication, then it must be of the following form.

[

mT=T,y:Y+A(B)

CrA(Y > B)
By assumption x : A is occuring free in m this means that x : A must be occuring free in .
Therefore applying the induction hypothesis, I', y : Y contains the judgement x : A. But, (y : Y)
must be distinct from (x : A) since otherwise, (x : A) would not be free in m. Therefore x : A

occurs in I i.e. in the left part of the conclusion—sequent of &
If the last rule in 7 is the elimination of the implication, 7 must be of the following form.

T=T+A(B—C) Z+II(B)
[LX+FATI(C)

—e

Assuming that x : A occurs free in 7. By definition this means that x : A occurs free in 7; or 75.
Assuming it occurs free in 7, applying the induction hypothesis, then I must contain the judgement
x : A. So it follows that this is true aswell for the multiset ", .
If 7 is of the form

H ) H ) “ V)

't A(B) » THFA,B:B() or TFrA

—————————_ name ———————u ———— /1%

I'rA,B:B{) 't A(B) I'+ A{(B)
then assuming x : A occurs free in 7 means that it also occurs free in the subproof my. Applying
the induction hypothesis the subproof 7, we can ensure that I" contains the judgement x : A, which
allows us to conclude.

2 — 1. We also operate by induction.

1.

2.

Assume 7 is an axiom which has a conclusion of the form I',x : A + A (B). Then 7 may only be
an axiom of the sequent x : A + (A), in which by definition x : A occurs free.
If the last rule in 7 is the introduction of the implication, then r is of the following form.

[

T=T,y:Y+A(B)
CrA(Y > B)
assume that I" contains an occurence of x : A, then clearly so does I', y : ¥ (this also ensure that

(x : A) # (y : Y)), applying then the induction hypothesis on 7y we can ensure that x : A occurs
free in g and so since (x : A) # (y : Y) it also occurs free in 7.
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3. If the last rule in 7 is an elimination of implication, i.e.

T=T+A(B—C) Z+II(B)
[,X+FATI(C)

—e

assuming that I', £ contains an occurence of x : A, this ensure that either I' or A contains the
judgement x : A. Assume that x : A is contained in I', by induction on 7| then we can ensure that
x : A occurs free in 71, and so by definition it follows that it also occurs free in 7.
4. If n is of the form
= [~ [~

' A(B) » T'FA,B:B() or TFA)

Trag:BO " TrA(B) " rra® "’

then assuming that I" contains x : A it follows that the statement is also true for the subproof my, we
can therefore apply the induction hypothesis, claiming that x : A occurs free in 7y, and by definition
x : A occurs free in 7.

O

Definition 2.9 (Variable substitution for NK,, deductions). Given a proof 7 a judgement x : A and a proof
7’ of the sequent X + IT (A). We define the operation of substitution w[x : A/n’] to be the identity if &
does not contain a free occurence of x : A. Otherwise we define the substitution inductively.

—_— CAln'l =n'
(x:AI— <A>‘”)[x /7] =n
7 "ﬂg[x:A/n’]
2. rx:Ay:YrAB) |[x:A/AT=0Sy:YrATI(B)
Cx:ArA{Y - B) OSr AT — B)

"m "n’z "m [x:A/ 7] "ng [x:A/7"]
3. [ILx:ArA(B—>C) T,x:Ar A (B) [x:A/m’] =12+ ATI(B—C) I, 2+ A, II(B)
—e —e

[,T,x:AFA A (C) I[,T', S+ A, A, TI(C)

"nl "nz "m[x:A/n/] "nz
4. |Tx:ArA(B—>C) I'rA(B) |X:A/M =TS+ ANI(B—C) I'+A (B)
—e —e

[T, x:ArA N (C) [T, F A A, TT{C)
"m "nz "m "nz[x:A/ir’]
5. [T+A(B—C) TM,x:ArA (B) [x:A/F'] =T+ A(B—C) TI',S+ A, T(B)

OLT,x:Ar A A (C) e LI, SF A A,TL(C) -
7 "ng[x:A/n']
6. | TLx:ArA(B) [7'/x] = T, + AT, TI(B)
- name - - . name
Ix:ArAB:BY) ILEFAILB:B()

"7!0 "no[x:A/n']
7. |Tx:ArAB:B( |[x:A/m]1= 2+ ALII(B)

u =, name
Tx:ArA(B) LSrATLB: B()

B [rotecarns
8 | rx:Ara( [x:A/m']1= [+ AT
Tx:ArAaB " nLerane "
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Definition 2.10 (Structural substitution in NK,, proofs). Given two proofs 7 , 7’ and a name «z. We define
the structural substitution inductively. If 7 proves a sequentI" + A (X) such that A does not contain any
assignement for @ then n[a e 7’] = 7. Otherwise A contains a judgement @ : A — B. and n’ has for
conclusion a sequent of the form X + IT (A)

1. If 7 is an axiom, it is unchanged by this substitution.

"ﬂu "ﬂo[d'"']

2. [Ty:YrAa:A— B(Z) |leen]1=T,y:v,Z+Aa:B(Z)
TrAe:A—B{Y—>2Z) [ZrALa:B{Y —Z)

i
m o "7!1 [aen’] "ﬂz[mﬂ’]

3. [TrA@:A—>B(X=Y) Or¥a:A— B(X) [@en’]=T,ZrAILa:B(X —Y) O,2+%¥ILa:B(X)

—e —e

ILOrAY,a:A— B({Y) I0,2+AY,Il,a: B(Y)
"ﬂo "m)[aon’]
4. | TrAae:A— B(X) [en’l= T,rATLe:B(X)
name name
TrAa:A—>B:X() [L2rALa:B,B:X ()

" "ng[arnr'] "n'
)
+ DLErATLa:B(A— B) ZrII(A)
5. | I'rAa:A—B(A> B) [@en]= app
name F,ZI—A,H,(}’ZB(B)
I'rAja:A—> B,a:A— BY) name
X+ ATLa:B,a:BY)

" "ng[anr'] "n'
7o

, LEXFAII{(A—>B) XZ+II(A
6. | TrA(A—B) [een’] = ¢ ) A4
name LErFATL <B>

FI—A,(YZA—)B() mname
s FALL

7. |TeAa:A>BB:X() |leer1=T.S+Aa:BB:X()
CrAa:A—B(X) " X+ ATLa:B(X) "
[~ I~
8. |Ir+Aa:A> B |laen1=T+rAa:A—>B(
TrA(A—B) ~ T'rA(A— B)

app

o

"ﬂo "ﬂu[”'”']
9. | rrae: A= B [een’]=T,Zr A La: B
TrAa:A—BX) " LirAa:BX) "

Last rule of a proof of an implication. Note that in the NK,, sequent calculus, considering a proof n
of a sequent of the form I' - A (A — B). The last rule of 7 is restricted to a certain type of rules, this is
because the introduction and elimination rules of NK,, only operate on unnamed i.e. focused formula’s.
For instance the last rule may not be an introduction rule that is not the introduction of the implication
rule i.e. —;, since in such cases the focused formula cannot be an implication. Also, it cannot be a rule
that results in sequent having no focused formula (or equivalently focusing L). This means it may not be
a the elimination of falsehood L, or a naming rule (i.e. unfocusing rule), as these rules result in sequents
without a focused formula. From this case analysis we can in fact conclude that the last rule in 7 may only
be of one of the following.

Lx:ArA(B) kA I'tA,a:A— B,
TFAASB) | Trad— TrA(A— B)

u
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Notation. Given a proof 7 of a sequent I' F A, @ : A () we denote by pua.n the proof

N\

I'rAa:A{

rrAA)y "

Definition 2.11 (Detour elimination). We define the elementary detour elimination ~» as the following
binary relation on NK,, proofs.

N N A
7 TaiARAB) o afx: A/ 7 CHAQ o 7 Trao
TrII(A) TrA(A—> B) THII(A) TFA(A—> B) e
e —e ' A(B)
[,Z+ A II(B) IS+ AI(B)
N

N7 [rAeid=BO -~ panlaer]
SFT(A) TrA(A—B) "
X+ A II(B)

—e

The relation of detour elimination denoted ~» then corresponds to the compatible closure of ~»( (i.e.
the sub-tree closure).

2.3 The Au—calculus

We are given a set of variables V and a set of names N. For each formula A, @4 is a special name
belonging to NV. As a convention we make the variables range over x, y, z, ... and the names range over
a,B,7,.... The simple terms or A-terms of the Au—calculus are defined as the regular ones from the
A—calculus. Guarded terms or named terms are terms of the form [a]¢ where ¢ is a Au—term and « is a
name. Finally we add the u—abstraction as terms ua.e where e is a guarded term. We will make guarded
terms range over e, f, g, ... and the Au—terms range over u, v,t, . ...

tbu = x | Axt | Hu | [e]t | pae | uDa.e

Here we have the inequality @ # @. The reductions of the Au—calculus are of three kind logical,
structural, or renaming.

g str nam

(e — ulv/x] ™ (upayy — ppal[Blwv/[Blw] (u@ap )y — popu’  [eluBu — ula/B]

We also have the usual rules describing how the Au—reduction can be passed from a subterm to a term
(this is known as the compatible closure).

Hu—- (Hu  (Hu - (Hu'  Axt - Axt’  [a]t - [a]t! pa.e > pa.e’ ud.e — ud.e’

’

t—>t u—u t—t t—>t e—e’ e —e’

18



I,x:Avr A, {t:B) I'tA, (t:A— B)y Z+II, (u:A)
- . r bs
xatAF (x:A) " TrA (xt:A—B)" I, F AL ((f)u : B)
T'FA, (t:A) IF'rAa: A, (e: 1) I'FA, (e: L)
name y%i uo
'rAa: A, (Jajt: 1) A, (ua.e : A) T'rFA, (uDg.e: A)

app

Figure 4: Typing rules for the Au—calculus, this type system is denoted Au~.

The u operator and control operators The curry—howard correspondence for classical logic was
discovered years later the correspondence between intuitionistic logic and simply typed lambda calculus.
This correspondence between classical logic and Au—calculus, is constructed thanks to the addition
of naming schemes and the p—operator to the regular A—calculus. Computationally the y operator is
understood has a control operator [SU10; Par92a; Mim20], while from the logic point of view it allows us
to perform a cut after having performed contractions/weakenings on the right side of a sequent. A regular
example of control operator is the call/cc operator, called call-with—current—continuation. Note that it is
possible to translate the Au—calculus into the A—calculus, this enlights the meaning of the u—abstraction
and of control operators, as P. de Groote states in his paper [Gro94], a u-abstraction is interpreted as a A-
abstraction whose bound variable stands for some possible continuation. The existence of this translation
stands for the untyped term of the Au—term, it does not mean that the simply typed terms of the Au—
calculus are the same as the simply typed term of the A—calculus, since this would mean the provability
of the intuitionistic and classical logic are the same, which we know to be false. Although we know we
can embed classical logic into intuitionistic using the Kolmogorov translation, that is double negation.
This phenomenon is also present in the translation given by P. de Groote in [Gro94] of Au—calculus into
A—calculus.

Definition 2.12 (Simply typable Au—term). A Au—term ¢ will be said to be simply typed or simply typable
(or if there is no ambiguity merely typable), if there exists a derivation in the type system of the previous
figure of a sequent I' F A, (t : A), where A is a propositional formula.

We will denote by Au~ the set of simply typed lambda terms of the Au—calculus.

Variable and Structural Substitutions. In the Au—calculus two types of substitution exists, each
corresponding the respective detour elimination in the classical natural deduction NK,,. To define the
substitutions we will proceed by induction. For the variable substitution, we proceed like J.L.. Krivine
does in his book [Kri02] (although we consider only substitutions with one parameter instead of n). To
define the structural substitution we proceed by induction similarly to [GKM13].

Definition 2.13 (Variable substitution). Given a term u and a variable x we define the substitution #[u/x]
in some term ¢ inductively.

x[u/x] =u,and y[u/x] = y.

. (Wy.D)[u/x] = Ay.(¢[u/x]).

- (O)vlu/x] = (t[u/x])v[u/x]

- ([a])[u/x] = [a](t[u/x])

. (pna.t)[u/x] = pa.tu/x]

. (u2asp.1)[u/x] = poa-p.tlu/x]

—

AN AW

Definition 2.14 (Structural Substitution). Given a term u of type A and @ a name. We define the
name—application ¢ [« e u] inductively as follow

1. x[@ ou] =x.

2. (Ay.H)[aeu] =Ay.(t{a o u]).
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3.
4.
5.
6.

(Ovlu/x] = (tla e u])v[a o u]

([a]l)[a o u] = [a](([a ® u])u)

(ua.t)[a o u] = ua.t and (uB.t)[a o u] = uB.t[a o uj.
(u2aspt)[@ou] = u@sp.tlaou]

Definition 2.15 (Free variables, free names.). Given a term ¢, we denote the set of its free variables by
FV (1), and the set of its free names by FN(¢), we define these sets inductively:

FV(x) ={x}and FN(x) = @.

FV(Ax.t) = FV(t) \ {x} and FN(Ax.t) = FN(t).

FV((t)u) = FV(t) U FV(u) and FN((t)u) = FN(t) U FN(u).
FV([a]t) = FV(t) and FN([a]t) = FN(t) U {a}

FV(uat) = FV(t) and FN(uat) = FN(¢t) \ {a}

FV(uoat) = FV(t) and FN(u@at) = FN(t)

Proposition 2.5 (Derivable sequent in Au™). Given t a term of the Au—calculus. If t is simply typable
then for each derivation in the Au type system of root T' + A (t : A), T corresponds to the types of the free
variable in t, and A corresponds to the types of the free names of t.

Proof. To do so we reason by induction on 7.

1.

4.

If t = x is a variable. Then a type derivation of x is of the following form.

X:AF (x:A}ax

Such a derivation indeed has the property we seek.
If t = (u)v is an application. A derivation of r must be of the following form.

- I

I'rA{u:A—B) Z+II{v:A)
X+ AT {(u)v : B)

app

We call the induction hypothesis on u and v and doing so we can claim that ,, and ,, are such that
I" (resp. X) correspond to the free variable of u (resp. v). A (resp. II) correspond to the named
subterms of u (resp. v). From there we merely remark that the free variable of (#)v corresponds to
the free variable of u and v, but also, that the named subterm of (u)v are the one of u and v.

If t = Ax.u is an abstraction. Then a derivation of  must be of the following form.

[

Ix:A+A{u:B)
b
CrA(xu:A— B)"

N

Using our induction hypothesis we can deduce that I', A¥ corresponds to the types of the free
variable in u#, now note that in this case " corresponds to the types of the free variable in Ax.u. Also
we note that the named subterm of in Ax.u and u are the same.

If t = [@]u is a named term. Then a derivation of t may be of two forms.

= =
F'rA{u:A) F'rAa:Au: A)
e namex

CrAa:Aaju:L) [CrAa:A{[a]u: L)
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We apply the induction on u. And two case occur then, if u contains subterm named by « the its
typing derivation must be 72. Now we just note that the free variables in u and [a]u are the same,
and that the named subterm in u and [« ]u are of the same type.
If, on the other hand, u does not contain any a—names subterm then its corresponding type derivation
if 7} Then we note that the free variables in u and [a]u are the same, and that the named subterm
in u and [a]u differs only in the fact that [@]u contains a subterm named by «.

5. If t = ua.e is a u—abstraction, then its derivation may be of the following two forms.

= =
IF'rAa:A{e: L) I'kA, (e: 1)
unname unname

'k A; (ua.e: A) I'FA; (uDa.e: A)

In both cases we obtain a smaller subterm on which we can apply induction. In both case notice
that I' is unchanged, but also that the free variables in y@.e and e are the same.
Now let us treat the case of named subterm. In the first case, by induction the types of the occuring
name in e are given by the map A, A%. Now by definition the type of the named subterm in pa.e
are in A (i.e. we removed the type of the name «, as it is no longer free).
In the second case the types of the name is A for e and e has no subterm named by «. Therefore the
abstraction pa.e has the same name—to—type map.

O

2.4 The Isomorphism

‘We want to point out an important detail: to put in light in an easier manner the isomorphism, it is easier to
consider the typing of the terms a la Curry. Meaning each variable is attached to a type and so a variable
x of type A is written as x4. Thanks to this we can identify a term with its typing derivation in the typing
system from the previous figure. This is not a new way of presenting the isomorphism, in fact J.Y. Girard
presents the Curry Howard correspondence in the same way in his book Proofs and Types [GTL89].

If we do not type ’a la Curry’ we cannot identify one derivation to one term as indeed: any variable
x could correspond to any axiom of some type A. But, in that case since there is an infinite amount of
types, we could not construct a canonical surjective map from Au—terms to NK,, derivations.

Proposition 2.6 (Canonical Maps). We can exhibit and define two canonical invertible maps.
1. There is a canonical bijection [-]| between type derivations of Au~ and proofs in the sequent
calculus NK,,.
2. There exists a canonical bijection [[-]» wich maps each simply typed Au—terms t to a type derivation
of T'+ At : A). WhereT is the typing set of the free variables occuring in t and A is the typing set
of the free names occuring in t.

Proof. First we show how to map each type derivation to proof in NK,,. The process is straightforward.

't A, (e: 1) I'rA, ()
var —> ax Ho = y71%)
XatAF (x:A) x:Ar (A) 't A, (uoa.e: A) 't A, (A)
ILx:ArA, (t:B) Ix:Ar A, (B) T'kA, (t:A) TrA, (A)
abs > —i name > name

't A, (Ax.t: A — B) I'-A, (A— B) I'rAa: A, (ot : L) I'rAe: A, ()
THAG:ADB) ZPML@:d)  TrA(A—SB) T (4) TrFAa:A, (e: 1) TrAa:A, ()

L.+ AL ((t)u : B) “wre L.+ AL (B) N u

ue
'k A, (ua.e: A) 'k A, (A)
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Inductively one can show that the map is injective, starting with the base case and doing each induction

step. The same goes for surjectivity.

Now we show there exists an invertible map from Au—terms to type derivations. Again we define it by

induction, this time on the size of the term.

XA ————————var
A xA:Al—(x:A)Va

I,x:ArA, (t:B)
[and abs
T'rA, (Ax.t: A— B)

CHA, (t:A—>B) Ir+IL (u:A)

(Hu —

T'rA, (e: L)

Bpe> ———————
(e I'+A, (uoa.e: A) e

TCrA, (1:A)
T TrAa:A (o] L)

[a]t

name

T'rAa:A, (e: L)

Ha.e — u

L,2+ AL ((H)u : B) I'rA, (ua.e: A)

The inverse of this map is merely the map that given a derivation returns its root term. O

NB. From the previous proposition, we can immediatly conclude that there also exists an invertible map
[-1=0-120[]: from the simply typed Au—term to the derivations in NK,,.

Corollary 2.0.1 (Free occurences). Given t a Au—term, we have the equivalency:
1. the variable x 5 occurs free in t if and only if the variable x o occurs free in [ t]).
2. the name a occurs free in t if and only if the name a occurs free in [ t]).

Proof. This is a direct application of the previous propositions 2.6 and 2.5. O

Definition 2.16 (Reduction for type derivations.). We define a relation for typing derivations, given two
derivations D and D’ we have D ~> D’ if [D]; ~ [D’]..

Lemma 2.1 (Substitutions compatibility). Given wo Au—terms t and u, [t[u/x]]2 = [t]2[[u]l2/x]

and [t{a e ul]a = [[t]2[a@ o [u]2]-
Proof. See the proof A in the appendix. O

Theorem 2.1 (Isomorphism). The maps [-]1 and [-]2 are isomorphisms, meaning:
1. Given two proofs , p in NK,, the reduction m ~ p holds if and only if [n]1 ~ [p]:
2. Given two Ap—terms t and u the reduction t —g u holds if and only if, [[t]> ~ [u]»

Proof. 1. This follows directly from the definition of ~» on the derivation in the type system Au~—.
2. For this we operate by case analysis on the definition of the reduction in the Au—calculus.

1. If the reduction if of the form (Ax.f)u — t[u/x] Since we know by definition that [ (Ax.f)u] ~»
(D[]l /x], and that thanks to the previous lemma we can ensure [[] [[«]/x] = [#[u/x]] we can
conclude.

2. If the reduction if of the form (ua.e)u — pa.e[a o u] Since we know by definition that
[(ua.e)u]] ~ ua.[e][@e[u]], and that thanks to the previous lemma we can ensure, ua.[[e][a o
[u]ll] = [pua.e[a @ u]] and so we can conclude.

3. If the reduction if of the form (u@4—,p.¢)u — u@p.e Notice that by definition we have:

T'rAe: 1)
TrA(uoaspe:A—B " Sri(A)
XA {((u2a-p.€)u: B)

To conclude merely remark that by definition [ (u@a—p.€)ul> ~ [u@s.¢]>

[(u2a—p-€)ul2 = [u2B.el2= TrA(e: 1)

[
app 't A{uop.e: B)
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This allows us to conclude the main theorem relating the model of computation that is the Au—calculus
and the classical natural deduction with names NK,.

Theorem 2.2 (Parigot (1992)). The map -] is a bijection from simply typable Au—terms to derivations

in NK,,.

And [[-]| is such that, given two Au—terms t and u, t — u if and only if [ t]] ~ [[u]

Proof. Simply using the previous theorem, recalling that the composition of isomorphism is an isomor-

phism.

[m]
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A Proofs

Proof. Lemma 2.1 on substitution compatibility. 1. As usual we proceed by induction.
1. If ¢ is a variable, then two case may occur if 7 = x4 then #[u/x] = u And [u]l2 = [xall2[[u]l2/x4l
by definition.

Ift = yp thent[u/x] = yp and [ys]2 = [ysl2[[ul2/xal-
2. Now if t = Ay.v by definition #[u/x] = Ay.v[u/x] and so
[uvtarean:
[t[u/x]]2 = [Ay.vIu/x]]2 =dger T,y:BrA(v[u/x]:C) =def [Ayv]allul2/x]
TrAGyviu/x]:B—C) ™
"Hvﬂz
since by definition [Ay.v]o = T7,y: B+ A’ (v: C) where' =T"[®/x] and A = AUl (x)- ¥

rA (yw:B—C) "
3. If t = (w)v then (w)v[u/x] = (w[u/x])v[u/x], and so

A

[t Jivteren:
[wvlu/x]l2 = [(wlu/xDvlu/x]]2 =T+ A, ¢[u/x]:A— B) ZrIL ulu/x]: A =[w)v]2[lu]2/x]
0,2 F AL (([u/x])ulu/x] : B) ar

Jiwte [

since by definition TV A/, (t: A —» B) X' +1II', (u: A) where ' =I"[®/x] and A = A" U

I",% v A IT, {(t)u : B) “ap
1r(x) - ¥
4.
“[[v[u/x]]]z
[(Tealv)[u/x]]2 = [([a]v]u/x]]2 = C'+A, (v:B) = [lalv]al[u]2/x]

name

I'tAa:B{[a]v:Ll)
[0
since by definition [ [a]v], = "+ A, (v:B) where I' = IV[@®/x] and A = A’ U
' A,a:B{a]v:L1)

me

lr‘(x) -y

"[[V[M/X]]]z
[(uav)[u/x]]2 = [(av{u/x]]l2=T+Aa:B: 1)y =l[pav]2lul2/x]
't A{ua.v:B) a
[
since by definition [ua.v]o =T"+ A’,a : B(v: 1) where[ =I"[@/x] and A=A"U1r(x) - ¥
I+ A {ua.v: B) a

"[[Vlu/XJ]]z
[(u@pv)[u/x]]2 = [u2BvIu/x]]la= TrA, (v:1) = [u2v]allu]2/x]
TrA(uoav: B
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"'IV]]Z

since by definition [u@pv]2 = T/ A, (v: L) where ' =T"[®/x] and A = A’ U1p(x) - ¥
't A (uoav: B) 7
2. Now let us do the same for the structural substitution. If # does not contain a « has a free name then so
does [[#]]2 (thanks to the corollary 2.0.1) and both substitution correspond to the identity and therefore the
proposition is true, so we assume ¢ contains a free occurence of the name @ : A — B.
1. Ifr = xx isa variable then xx [@eu] = xx and indeed by definition aswell [xx ]2 [a@e[[u]2] = [xx]2-
2. If t = Ay.v then by definition [«  [u]2] = (Ay.v)[@ e [u]2] = Ay.v[@ e [u]>]. Therefore

viaen'] v

[yv)eeuldlz=[1yvleeuldla= Ty:v,SrAMa:B@laeul]:Z) =| Ly:YrAae:A—>B:z) |leer]=[kv]laeen]

L+ ATLa:Byviee[ul]: ¥ —>2)  \TrAa:A—>Byv:¥—2Z)
3. If t(w)v then (w)v[a e u] = (w[a e u])v[a e u]. Now to conclude notice that, (we show only the
case where @ occurs free in both v and u the other case are straightforward and similar):

”n [aveu] ”\‘[ ..... ] ”ﬂwﬂ: Hllu 12
[Ovlaeulvieeulls =T, Sr A TLa:B(X -Y) O,X+r¥Ia:B(X) =|TrAa:A—B(X—-Y) OrWa:A—B(X) [lae[ul2]=[(wyr]:lae[u]]
I,0,X+AW,Ia:B(Y) o LOFAY,a:A— B(Y) o

4, Ift = [B]v thent[a e u] = [B](v[a ® u]).

ﬂl[v[u-uﬂ]: ﬂl{vﬂz
[(BlIv[@eul)]la= T'+ATLa:B(X) =| TrAa:4-BX) [ o [ulo] = [[Blv]2la o [u]2]

IL2+AILa:B,B:X() I'rAa:A—->BB:X()
5. Ift = [a]v then t[a o u] = [a]((v[a ® u])u).

HHVIG'HHIZ ”ﬂ“]lz Hﬂ\"]l
[lel((vlo s uhuy]o =BEF AL BUAZ B eI | n ) a D g B (@ o [u]2] = [alv]ale o [u]2]
TrAa:A—Ba:A—>B() ¢

I 2+ AILe: B(B)
LEZrAILa:Ba:BY)

name

[vlasullx (18
6. [uBvieeullo=T,SrAa:B.B:X() =|T+Aa:A—BB:X( [leeful2]=][uBv]:lee[u].]
[E+AlLa:B(X) " CrAa:A—B(X) "
[ [
7. [uevl2=TrAe:A—>B(O =|TrAa:A—B( |laelul]=[uav]ee[u]]
rrAA—B) " [+A(A— B)
e tawuas [G8
8. [uoxvlesull:=r,s+ATLa:B() =|TrAa:4—B( [a o [ul2] = [u2x V]2l o [u]2]
Leraa:BX) " \Mraa:a-BX)"
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